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FACTORIZATION THROUGH MATRIX SPACES FOR FINITE
RANK OPERATORS BETWEENC*-ALGEBRAS

MARIUS JUNGEanD CHRISTIAN LE MERDY

0. Introduction. In this paper we consider factorizations of finite rank opera-
tors through finite-dimension@l*-algebras. We are interested in factorization norms
involving either the completely bounded noim||¢cp or Haagerup’s decomposable
norm| |lgec (see [11]). Let us denote by, the C*-algebra of all x n matrices with
complex entries. Le#t and B be two C*-algebras, and let us consider a finite rank
bounded operatar: A — B. Then forn large enough, say > rk(u), we may write
factorizations of the fornx = B«, for some bounded operators
(0.1) A m, LB

Our mainresult (Theorem 2.1) says that for any 0, one can findt andg as above
such that|a||cbll Blldec < (1+¢) [lulldec If u is completely positive, theju||gec= lu|;
hence in that case, we obtain that] = inf{||la| cbllBlldect, Where the infimum runs
over all factorizations as above. This new result that finite rank, completely positive
maps factor through matrix algebras gives some explanation of the phenomenon
behind the classical result of Choi-Effros-Kirchberg [4], [16] characterizing nuclear
C*-algebras either by the completely positive approximation property or equivalently
by theapproximate matricialityof the algebra.

For a finite rank operatai: A — B betweenC*-algebras, let us now introduce
y (u) = inf{||a|lcbll Bllcb}, Where the infimum runs over all> 1 and all factorizations
of u of the form (0.1). We obviously havg:||cp < y (1). In Section 3 we consider the
natural problem of whether the converse inequality holds, thdiifg, = v (u). We
show that this holds iB has the weak expectation property (as defined in [18]). In
the case whem is a von Neumann algebra, we obtain the following characterization.
The equalitylju||cp = y (1) holds for allA and allu if and only if B is injective. This
result shows in particular that the two normé) and|| ||cp may be different. Thus
the decomposable norin||gec behaves better than the completely bounded one when
dealing with factorization through matrix algebras.

Our factorization results have several applications to the theory of operator spaces.
First, we give a new proof of the recent theorem by Effros-Junge-Ruan [6], which
asserts that given any von Neumann algebtytine predual operator spagg is locally
reflexive in the sense of [5], [7]. Second, we show that given any@#algebras
A and B, the Banach spaces of completely integral maps and completely 1-summing
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maps (in the sense of [9], [10], [30]) fro® into A coincide provided thaB has the

weak expectation property. Third, in Section 4, we study factorization thraéfjglor

finite rank operators defined on spaces of vector-valued Hankel operators. We extend
a result due to the first author that says that any finite rank operator defined on the
operator spacé/a of (scalar-valued) Hankel operators is exact (see [14]).

1. Preliminary background. We recall here some standard notation and termi-
nology. We refer the reader to [24] for general information on completely bounded
maps and to [1], [2], [7], [8], [10], [29], [30], [31] for the theory of operator spaces.
By definition, an operator space is a closed subspaceB(H) of the C*-algebra of
all bounded operators on a complex Hilbert spalcaVe denote by, (X) the space
of all n x n matrices with entries itX, which is equipped with the norm inherited by
the inclusionM, (X) C B(¢5(H)). In that definition,¢5(H) is the Hilbertian direct
sum ofn copies of H. Let X ¢ B(H) andY C B(K) be two operator spaces. We
denote byC B(X, Y) the Banach space of all completely bounded maps fkoimto
Y, equipped with the completely bounded ndfrcp. We say that a bounded operator
u: X — Y is completely contractive (or is a complete contraction) whelv, < 1,
and that it is completely isometric (or is a complete isometry) whgn® « is an
isometry fromM,, (X) into M, (Y) for all » > 1. The minimal (or spatial) tensor prod-
uct is denoted byX ®min Ig We recall thag it may be defined as the closur&ad Y

into theC*-algebraB(H ® K), whereH ® K is the Hilbertian tensor product ¢f
and K. The projective operator space tensor product (for which we refer to [2], [7],
[8]) is denoted byX ® Y. WhenX = A andY = B areC*-algebras, a third tensor
product plays a crucial role, namely, the maximal tensor produ®tnax B defined
as the completion oA ® B under its greatest™*-norm (see, e.g., [32] or [24]).

Let X be an operator space. We recall that its dual spé&tean be regarded as
an operator space, once equipped with the so-called standard dual operator space
structure (see [1], [2], [7], [8]). The latter is characterized by the fact that for any
other operator spacdg, the canonical identification of*® Y with the space of finite
rank operators fronX into Y yields an isometric embedding

As another crucial identity, we recall that for aiky Y, we have
(1.2) CB(X.Y") = (X®Y)".

We use the notion of quotient operator space structure, which was introduced in
[31]. Let X andY be two operator spaces such tifat X completely isometrically.
Then the quotient operator space structur&gr is defined by letting\,,(X/Y) =
M, (X)/M, (Y) for any integem > 1. Note that with that definition, we have

X

*
(1.3) (;) =yt cXx* completely isometrically.
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Now let R C B(H) be a von Neumann algebra. We can regard its prefliyas an
operator space by means of the canonical embedgling R*. Then it turns out that

R is the standard dual operator spacergf(see [1, Theorem 2.9]). In particular, the
spaceS1(H) = B(H), of trace class operators di can be regarded as an operator
space. The operator spaSg(¢y) is simply denoted bys; whereas we denote by
J the C*-algebra of all compact operators ép For anyn > 1, we denote bysy
the dual operator space #f,. Similarly, we denote by?, and¢] the commutative
n-dimensionalC*-algebra and its dual operator space, respectively.

We end this section with a brief review of Haagerup’s decomposable norm from
[11]. Given any twoC*-algebrasA and B, we say that a linear map: A — B is
decomposable if it lies in the linear span of completely positive maps. We denote
by D(A, B) the vector space of all decomposable maps frénmto B. For any
u € D(A, B), we let|u|gec = iInf{max{||S1]|[|S2]I}}, where the infimum runs over
all completely positive maps1: A — B and S2: A — B such that the operator
v: A — M>(B) defined by

[ S1(x)  u(xH)*
”“”‘(u(x) Sz(X))

is completely positive. It is shown in [11] th#it| gec is well defined and is a com-
plete norm onD(A, B). Moreover the inequalityju|lcp < |lu#|ldec holds for any
u € D(A, B). This inequality is actually an equality in two important cases. First,

(1.4) if u: A— B is completely positive, thefhu||gec= llullch(= llu]).
Second, it follows from [33] and [23] that

(1.5) if B is injective, then|ul|lgec= ||u|lcp fOr anyu € D(A, B).

It is also proved in [11] that iC is a thirdC*-algebra, then

(1.6)
if u e D(A,C),ve D(C, B), thenvu € D(A, B) and |vu||gec < vl dedu lldec

We conclude with a simple tensorization result that first appeared in [15].

LemMma 1.1 [15] LetA, B, C be threeC*-algebras and let: € D(A, B). Then the
mappingu @ Ic: AQ® C — B ® C extends (in a unigue way) to a decomposable

2. Factorization through M, with respect to the decomposable norm.The
following theorem is the key result of our paper.

THEOREM 2.1 Let A and B be twoC*-algebras and lez: A — B be a finite
rank bounded operator.
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(i) For any ¢ > O, there exist an integet > 1 and two linear maps: A —
My, B: M, — B such thatu = Bo and ||« |Icpll Blldec < (1+ &) llulldec

(ii) Assume that is a von Neumann algebra and thais w*-continuous. Then (i)
can be achieved for some*-continuousx.

In the course of the proof of Theorem 2.1, we use a representation theorem due to
Effros and Ruan [7] that we now recall. LBtand M be two von Neumann algebras,
and letR®M be their von Neumann tensor product. Then the isometry (1.1) (with
X = R,,Y = M) extends to the isometric identification

(2.1) CB(Ry,M)=RQM.

More precisely, given any in Ry, let ¢ be the unique extension of® I, as a
w*-continuous linear map frolR®M into M. Then (2.1) means that for ayin
R®M, the mappingr : R, — M defined by

(2.2) o(p) =p(0)

is completely bounded witljo ||cp = ||0]], and that the resulting isometty— o
from R®M into CB(R,, M) is surjective.

The proof of Theorem 2.1 essentially relies on a factorization result recently dis-
covered by Pisier in [29]. Before stating it, we introduce some relevant notation. Let
E1, E> be two operator spaces and #tbe a Hilbert space. Given two linear maps
o1: E1 — B(¥), o2: E2 - B(#), we defineo1-02: E1® E2 — B(#) by letting

oo Yt en?) = oaled)or(s?),

for any finite families(x}); in E1, (x?); in E-.

Definition 2.2[29, Section 6.3]. LetE be an operator space and Btbe aC*-
algebra. For any € E® B, we set

8(y) =sup{llo-TWIl},

where the supremum runs over all Hilbert spaitesll completely contractive maps
o: E — B(%), and all x-representationsg : B — B(9) with commuting ranges
(i.e.,o(e)r(b) =7 (b)o(e) foranye € E, b esB). The completion off ® B unders
(which is obviously a norm) is denoted I/ ® B.

Pisier's theorem given below expresskess a suitable factorization norm. The
following statement is a combination of [29, Theorem 6.3.1] and [29, Corollary 6.3.5].

THEOREM 2.3 [29] Let E be an operator space, |&® be aC*-algebra, and let
ye€ EQ B. Then

1/2 1/2

0) 8(v) =inf { |[eij]]l 1, )

n
E aja’
i=1

Xn:b7bj
j=1
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where the infimum runs over all decompositions af the formy =3",_; ., e;; ®
a;bj, with arbitraryn > 1, ¢;; € E, anda;, b; € B.
(i) Letu: E* — B be the linear map represented pyThen

8(y) =inf {llallcoll Blldec}

where the infimum runs over all factorizations= Ba wherea: E* — M, is w*-
continuous ang: M, — B.

(i) Assume thaf is a dual operator space, that i% = F* for some operator
spaceF, and letu: F — B be the linear map represented pyThen

8(y) =inf {llallcoll Blldec}

where the infimum runs over all factorizatioms= Ba with «: F — M, and
B: M, — B.

Remark 2.4.Let y € E® B as above, and lej: B — B** be the canonical
inclusion map. Then we have

(2.3) s =38((Ie®j)(»).

Indeed, given a Hilbert spadé, leto : E — B(9) andw : B — B(%) be a complete
contraction and a-representation, respectively, and assume that they have commuting
ranges. Letr;: B** — B(%) be the normal extension af; thenwq(B**) commutes

with o (E), and hence

lo-x] = llo-m((fe @ /)W) = 8((7e @ /) (),
from which we get the inequalitg in (2.3). The converse inequality is obvious.
Remark 2.5. Let A, B be twoC*-algebras, and let: A — M, andg: M,, — B

be two bounded operators. Then it follows from (1.6) and (1.5) that

| Balldec < llalldedll Blldec =< llallcbll B lldec

Thus, if we take a finite rank operatoet A — B betweenC*-algebras, and if we let
y € A*® B be associated to, then||u|gec < §(y) by Theorem 2.3(iii). The meaning
of Theorem 2.1(i) is that, in fact,

llullgec=6(y).

By Theorem 2.1(ii), the same equality holdsAfis a von Neumann algebra and
yeA:RQB.

Proof of Theorem 2.1.Let us prove (i). We consider a finite rank bounded operator
u: A — B, and we takeps,...,¢n in A* andby,...,by in B such that the tensor
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> or @by in A* ® B represents. By part (iii) of Theorem 2.3, it suffices to show
that

2.4) 5(3 ek @bi) < lullgeo

We give ourselves a Hilbert spagé a x-representatiorr : B — B(¥), and a com-
pletely contractive map : A* — B(¥), and we assume that the rangestoaind
o commute. LetM = 7 (B)’ C B(%) be the commutant of (B); thenM is a von
Neumann algebra. We may now regardas a complete contraction frow™* into
M. Applying (2.1) withR = A**, we identifyo with an elemen® in A*®M such
that |6]| < 1. By Kaplansky’s density theorem, there exists a (#el; C A*™* @M
converging tad in the w*-topology of A**®@M such that, for every, ||6;|| < 1 and
0; belongs to the algebraic tensor proddo® M. Applying (2.1) again (or merely
(1.1)), we associate a complete contractign A* — M to eachd;, and looking at
(2.2), we observe that the*-convergence of; towardse implies

(2.5) Yo € A*,  0i(p) ﬁ) o ().

We now letQ: A ®maxM — A ®min M be the canonical-representation induced by
the identity onA ® M, so that

(A ®maxM)

(2.6) ker0

=AQminM isometrically

Forany 1< k < N, we denote by; : A®minM — M the (unique) bounded extension
of g ® Iny. Now letir: A ®maxM — B @maxM be the extension af ® I, given by
Lemmal.l.Forany € A,m € M,we haveu® Iy)(a®@m) = Z,}(V:lbk@)(gok(a)m),
and hence,

N
VT € A@maxM, (1) =) b ®(@(Q(D))).
k=1

We deduce that vanishes on kep, and hence by (2.6), we obtain the following for
everyi:

> b (9r(61))

k=1

— 176 | gy = 171161 Gt
B@maxM

Since||6; | agmam < 1, we deduce from Lemma 1.1 that

< llu|ldec
B®maxM

Z:bk ® (@ (6:))
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Considering the relation betweénando; (see (2.2)), we have actually proved

< |lulldec
B®maxM

N
Z b ®0i(¢k)
k=1

The x-representatiomr : B — B(%) is valued in the commutant o¥/, and hence
the linear mapping fronB ® M into B(#) defined by takingh ® m to = (b)m for
anyb € B andm € M extends to ax-representation fronB ®max M into B(¥).

Consequently,
N

Zﬂ(bk)ffi (k)

k=1

< |lulldec

B(%)

The multiplication mapping isv*-continuous onB(#); hence for any X k < N,
we have

7 (bi)oi (k) —> 7 (bi)o (gr)
by (2.5). Thusy -7 (3" ¢x ® by) is thew™*-limit of Y 7 (br)o; (¢r), from which we get

o7 (P eeen) | < luldeo

Taking the supremum over the commuting pairsr), we obtain, by Definition 2.2,
the desired inequality (2.4).

The proof of (ii) is almost identical, using the second part of Theorem 2.3 instead
of the third one. We omit it. O

As an application of Remark 2.4, we obtain the following corollary, which is used
later in this paper.

CoRrOLLARY 2.6. Let A, B be twoC*-algebras, letj: B — B** be the canonical
inclusion map, and lek: A — B be a finite rank bounded operator. Thi||gec =

ljulldec

It should be noticed that the equalifyt|gec = || ju|ldec Obtained above does not
remain true if we remove the finite rank assumptionwnndeed, one may find
a compact sek, and a bounded operatar. C(K) — C(K) on the C*-algebra
C(K) of all complex-valued continuous functions @, which is not decompos-
able (see [11] and the references therein). Howejelis valued in the commuta-
tive von Neumann algebr@(K)** and, hence, is automatically decomposable, with
ljulldgec=Iljull = Il ul.

We now focus on the situation where(or B) is a sub€*-algebra ofMy (C) for
some integeV > 1 and some commutative*-algebraC, and we improve Theo-
rem 2.1 in these cases. We recall that ibr B is commutative, then by Stinespring’s
theorems, a linear map: A — B is positive if and only if it is completely positive
(see, e.g., [24]).
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ProposITION 2.7. Letu: A — B be a finite rank bounded operator betwe€ir
algebras, and let > 0.

(i) Assume that there exist an integhr > 1 and a commutative_*-algebra
C such thatA ¢ My(C). Then there exisk > 1 and two linear maps: A —
0. (My), B: €5, (My) — B such thatu = B and ||a||cbll Blldec < (1+ &) |1l dec:

(i) Assume thatd is a commutativeC*-algebra. Then there exisp1,..., ¢,
in A* and as,...,a,,b1,...,b, in B such that for anyx in A, we haveu(x) =
> ok ek (x)agby, and

1/2 1/2

= (A+o)llulldec

>

sup{lloxll}
k k

> bibi
k

Proof. We appeal to a factorization result of Gilles Pisier and the first author
in [26]. We assume thal ¢ My(C), for some commutative_*-algebraC. By

Theorem 2.1, we have= Sa with A = My i B and||a||cpll Blldec < (1+4¢)||u|ldec
Further, it follows from Theorem 18 in [26] and its proof that we have a factorization
a=a’d, with A 5 ¢ (My) = My, and ||’ ||epllelep < (14 ) [llcb. This
leads to a new factorizatian= (Ba”)a’, which, by (1.6) and (1.5), provides part (i)

in Proposition 2.7. Now assume thatis commutative; then (i) holds witiv = 1.

Let (ex)1<k<n be the canonical basis éf, and lety;, = a*(¢;) forall 1 < k < n.
Then for anyx € A, we haveu(x) =Y, ¢r(x)B(ex), and hence (ii) is an immediate
consequence of [28, Lemma 1.16]. O

Remark 2.8. Let N > 1 be an integer, lef be a commutative€*-algebra, and let
B C My(C) be a subc*-algebra ofMy (C). Arguing as above, and using the fact
that B is nuclear, we obtain (without appealing to Theorem 2.1) the following analog
of Proposition 2.7, whose proof is left to the reader: For any operator spafm
any finite rank bounded operator X — B, and for anye > 0, there exist an integer
n > 1 and two linear maps: X — ¢, (My), B: £’ (My) — B such thatt = fu
and|lalcpll Bllch < (1+¢€)llullch- Note that since8 is nuclear, we havgs [ldec= | Bllcb
in the above statement. FurthermoreXit= A is aC*-algebra, thefu||gec= |lu|lcb-
This follows from, for example, [29, Section 6.3]; see the next section of the present
paper for more on this theme.

We now turn to our application to local reflexivity. By definition (see [5], [7]), an
operator spac¥ is said to be locally reflexive provided that, for any finite-dimensional
operator spacé and any completely bounded map F — X**, there exists a net
of operatorsy; : F — X satisfying||u;|lch < |lullcp fOr anyi and such that, for any
f € F,u;(f) converges ta(f) in thew*-topology of X**. TakingE = F*, we see
that X is locally reflexive if and only if

(X ®minE)™ = X** @min E  isometrically

for any finite-dimensional operator spa€eThe next lemma is a useful reformulation
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of local reflexivity, which goes back to [10]. First note that given any operator space
Y, there is a canonical embedding

2.7) X*®Y —> (X ®min¥)™

defined as follows. To any € (X ®minY)*, we may associaté: ¥ — X* by letting
(T(y),x) =(£,x®y) foranyy € Y andx € X. Then givenx** in X** andy € Y,
we can regard™* ® y as an element afX ®nmin ¥)** by letting, for any¢ as above,
(x*™*®y, &) = (T (y), x™). By linearity, this yields (2.7). With the same notation, we
note that if we take € X** ® Y, and if we denote by: X* — Y the finite rank
operator associated o then

2.8) (z.6) =tr(uT).

In the following statement, we consider (2.7) in the case wheaB(H).

LemMA 2.9 [10, Section 3] Let X be any operator space. Then is locally re-
flexive if and only if for any Hilbert spacé, we have a contractive (and hence,
isometric) embedding

X™* @min B(H) C (X ®min B(H))™.

The following result yields a different, simplified approach to the local reflexivity
result of Effros-Junge-Ruan [6].

THEOREM 2.1Q Let R be a von Neumann algebra, IBtbe aC*-algebra, and let
u: R — B be a finite rank bounded operator.

(i) For anye > 0, there exists a net;: R — B of w*-continuous finite rank
operators such thasup {[|u;|dect < (14 ¢)|lulldec @and for any bounded operator
T: B— R,we haver(u;T) — tr(uT).

(i) The operator space®, is locally reflexive.

Proof. We lete > 0. By Theorem 2.1, we may find > 1, «: R - M,, and
B: M, — B suchthau = Sa and||«||cbllBlldec < (1+¢)|lu|lgec In the identification
CB(R, M) = M, (R*) given by (1.1), the subspadé,(R.) C M, (R*) corresponds
to the space ofv*-continuous maps fronR into M,,. SinceM,,(R,)** = M, (R*)
isometrically (see [1]), it therefore follows from Goldstine’s lemma that there exists
anete; : R — M, of w*-continuous maps withe; ||cp < |l@]lcp and

(2.9) VreR, «aj(r)— a(r).
We let u; = Ba; and consider a bounded operatbr B — R. We denote by

(Epg)i<p,q<n and (E;;q)lfp,qfn the canonical basis a¥/,, and its dual basis, re-
spectively. Then we have
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tra,;T) =tr (@ T8) = Y (ei((TB(Epy)). E,)

1<p.,q=n

— Y (a(@B(En))-E;,) by (29)

1<p.g=<n
=tr(aTB) =tr(uT).

Since||u;||dec < (1+¢)|lulldec (S€€ Remark 2.5), this concludes the proof of part (i).
Let us now deduce th&, is locally reflexive. We fix a Hilbert spadé and we take

zin R*® B(H). We denote by:: R — B(H) the finite rank operator associated:to

and we give ourselves sormae- 0. Then we considey € (R, ®min B(H))* and we let

T: B(H) — R bethe linear mapping associatedt®y (1.5),||u||cb = ||« |ldec hence

we can find, by the first part of the theorem, a mgt R — B(H) of w*-continuous

finite rank linear maps such thiat; || cp < (1+¢)|lullcp @and tu; T) —> tr(uT). Each

u; is represented by some e R, ® B(H), and by (2.8) we have

[tr (i T)| = 1{zi, €)1 < lui leollé | (Ro@mnBcry* < A+ ullcollé |l (Ry@minB(H)*-

Passing to the limit, we get

Hz, &) = 1truT)| < A+ ullcbllé Il (R @min B(H))*
= (148 1zl R*@minBH) I1E | (R @min B(H))* -

Since& ande > 0 are arbitrary, we obtain thdt||(r,emnaH) < 12| R*@mnBH)-
By Lemma 2.9, this proves the result.

3. Factorization through M, with respect to the completely bounded norm.
In this section we are primarily interested in the problem of whether Theorem 2.1
remains valid with the completely bounded norm instead of the decomposable one.
In order to investigate this problem and related ones, it is convenient to introduce the
following.

Definition 3.1. Letu: X — Y be a finite rank bounded operator between operator
spaces. We set

y () = inf{{ler||cpll Bl cn}
where the infimum runs over all > 1 and alle: X — M,, B: M,, — Y such that
u = fa.

Itis well known and easy to check that for any two operator spac&S u — y ()
is a norm on the space of finite rank operators fr&nmto Y. Now let A, B be two
C*-algebras. Given any finite rank A — B, we have, by Theorem 2.1,

3.1) lullen < v (u) < [lulldec

This leads to the following two natural questions: For whi¢h-algebrasB do we
have| u|cp = y (1) for any C*-algebraA and any finite ranki: A — B? For which
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C*-algebrasB do we have|u||cp = ||u||gec fOr any C*-algebrad and any finite rank
u: A — B? In Propositions 3.2 and 3.3, we provide some partial answers.

ProrosiTION 3.2 Let B be a von Neumann algebra. Thénis injective if and
only if, for any C*-algebra A and any finite rank linear map: A — B, we have

l[ulleo =y (u).

Proof. Assume thatB is injective. Then for anyi: A — B, we have|u|cp =
llu|ldec DY (1.5). Hence if: has finite rank, we actually havi||cp = ¥ (1) by Theo-
rem2.1.

We now turn to the proof of the “if” part. It is based on a characterization of
injectivity of Pisier [27]. We assume thik| cp = y () for any A and any finite rank
u: A — B. Given an integeN > 1, we letCy C My (resp.,Ry C My) be the
operator space formed by all matrices with entries equal to zero except in the first
column (resp., row). They are both operator spaces iségmetric ty tHnensional
Hilbertian spaceﬁ’z\’. Then we denote bRy NCy C Ry @ Cy the operator space
structure ory)’ induced by the mapping € 5 — (x,x) € ¢ & ¢} (see, e.g., [27,
Section 2] for details).

We give ourselves an operater Ry NCy — B. Let F denote the free group
on infinitely many generators and lét= C; () be the reduced’*-algebra offF.

By [13, Proposition 1.3], there exist two linear mappings Ry NCy — A and
v: A — RyNCy such that|v|cpllwllcp < 2 andvw equals the identity oRy NCly.

Applying our assumption ta = tv, we find an integer > 1 and a factorization

u = Ba with A —*> M, 2> B and

3.2) lleellenll Blleh < 2llulich < 2l|llcollvlcb.

We now leto = aw: RyNCy — M,. By means of the completely isometric embed-
ding RvNCxy C Ry @ Cy, it is easy to derive from Wittstock’s extension theorem
[33] that there exists a decompositien= o1+ o2, with

(33) llo1: Ry = Myliew<llolleo  and  Jlo2: Cn = Mullch < llo[lch-
Fork =1,2, we lett;, = Boy. Then we have

14+ 172 =fo = foaw =uw =tVvw =T.
Furthermore,

1z Ry — Blleo < [IBllebllollcb by (3.3)
< IBlicplletllenllwlich
=2|tliepllviicolwlico by (3.2)
<4l lcp.

Similarly, ||t2: Cx — Blleh < 4|Itllch- By [27, Theorem 2.9], that decomposition
result ont shows thatB is injective. O
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We recall that by definition (refer to [18]),@"-algebraB has the weak expectation
property (WEP) provided that the canonical inclusion magpadhto B** admits a
factorization

(3.4) B L BH) L B

for some completely positive contractiodsand P. The class ofC*-algebras with
the WEP includes nucled&r*-algebras and injective von Neumann algebras.

ProrosiTiON 3.3 Let A and B be twoC*-algebras and assume th&t has the
WEP. Letu: A — B be any finite rank linear map. Then we haug|cp = y (1) =
|l dec

Proof. Letj: B — B** be the canonical inclusion map and fetandJ be as in
(3.4) such thatj = PJ. We give ourselves a finite rank bounded operatord —
B. We haveju = PJu, and hence by (1.6) and (1.5), we obtain thai| gec <
| Pllded| Jullch- Since P is a completely positive contraction, we hay®||gec < 1
by (1.4). On the other handl,/ ||cp < 1, and hence we deduce thgiu||gec < || cb-
Appealing to Corollary 2.6, we thus obtajin || gec < ||u|lch, from which we get the
result by (3.1). O

The previous result has an operator space interpretation in terms of the Haagerup
tensor product. We refer the reader to [2], [8], £29] for the definition and some

background on this tensor product that we denote®by.et E be an operator space
and letB be aC*-algebra. It is easy to check that the linear mapping fB)@M@E

int2 E ® B that takesi ® e ® b 10 e ® ab extends to a complete contractich B ®
E ® B — E Qmin B. Moreover, it follgaws from Theorem 2.3(i) tha is a quotient
mapping if and only ifE ®min B = E ® B isometrically.

CoroLLARY 3.4 Let R be a von Neumann algebra and I1Btbe a C*-algebra
with the WEP. Then the complete contraction

h h
QO:BRR,®B— R,QminB

defined byQ(a @ p ®b) = ¢ ®ab fora,b e Bandy € R, is a completehquoti;lant

mapping. That is, for any > 1, Iy, ® O is a quotient mapping fromd,,(B ® R, ®
B) onto M,,(Ry ®min B).

Proof. Under our assumption, we have
s
R ®minB = R+ ® B.

Indeed, lety € R, ® B and letu: R — B be the linear map represented pyThen
llut||gec = §(y) by Theorem 2.1(ii) (see also Remark 2.5), wherg@th = || y|lmin
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by (1.1), from which we ge&(y) = ||y|min by Proposition 3.3. Thug is a quotient
mapping.

Given anyn > 1, theC*-algebraM,, (B) has the WEP. Thus, taking into account the
isometric identityR, ®min M,,(B) = M, (R, ®min B), the previous argument yields a
guotient mapping

h h
n: My(B) ® Ry @ My(B) —> My (R« ®min B).

h
Let p,: M, ® M, — M, be the multiplication mapping oM, and letZ = B ®

h h h
R, ® B. Via the identificationM,(B) ® R, ® M,(B) = M,, ® Z ® M,;, we may
consider

h h h h
178 pn: My(B) ® R, ® My (B) —> Mn(B ® R, ® B),

and it is clear thaQ, = (I, ® 0)(Iz ® p,). To prove thatly, ® Q is a quotient
mapping, it suffices to see that ® p, is a contraction. This can be checked very
easily by means of elementary manipulations on the Haagerup tensor product; we
skip the details. O

Uffe Haagerup informed us recently that he could prove a converse to Proposi-
tion 3.3, which generalizes the main result of [11]. [Bebe aC*-algebra. Haagerup
proved that if for any: > 1 and any:: ¢, — B, we have|u||gec= |l#||cb, thenB has
the WEP. In Proposition 3.5, we give an alternate characterization of the WEP. We
recall that we denote b the C*-algebra of all compact operators on the separable
Hilbert spacels.

ProposiTION 3.5, For any C*-algebraB, the following assertions are equivalent.
(i) B has the WEP.
(i) For any linear map:: Ego — K ®min B, we have|u||dec= ||| cb.
Proof. When aC*-algebraB has the WEP, thef ®min B has the WEP as well,
and hence (i) implies (ii) by Proposition 3.3.
We now assume (ii). Leffo be the free group with two generatgys, g2, and let
C*([F») denote the fulC*-algebra off». By Kirchberg’s work [17], (i) is equivalent to

(3.5) C*(F2) ®min B = C*(F2) ®maxB.

We make use of Pisier’s approach to that result in [28]. By a standard argument, we
can assume tha is unital. Fori = 1, 2, letU; € C*([F2) be the unitary associated to

gi. Then we letE ¢ C*(F2) be the linear span of the unit 6 ([F2) and of{U1, Us}.

By [28, Theorem 1.1], (3.5) holds if and only if

(3.6) E ®min B C C*(F2) ®maxB completely isometrically

Letn > 1 be aninteger and Iete M, (E ®min B) be given. By [25, Section 3], the op-
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erator spacé is completely isometric t6 = (¢3,)*, and moreoveM,, (E @min B) =
E ®min M, (B) isometrically, from which we geM,,(E Qmin B) = CB(ZEO, M, (B)).
Letu: ¢3, — M,(B) be the linear mapping correspondingtdn this identifica-
tion. Then by our assumption (ii), we hayie|cp = |l#|lgec On the other hand,
lulldec = 1y llc*(Fo)@maxt, (8) DY [28, Lemma 1.20]. Sinc€*(F2) @max Mx(B) =
M, (C*(F2) ®max B), we finally obtain||y s, E@mnB) = 1Y 1M,C*F2@mad)- THIS
proves (3.6) and concludes the proof. O

Remark 3.6. We wish to mention yet one more characterization of the WEP, also
based on factorization through matrix spaces.R &te aC*-algebra. TherB has the
WEP if and only if, for any pair of finite-dimensional operator spa&e¥ and for
every linear map: X — Y that factors througlB, we have

y ) =inf {[wlicollvlicn},

where the infimum in the right-hand side runs overXl—> B — Y such that
u = wv. According to [6, Theorem 7.7], this property holdsBithas the WEP.

Let us prove the converse. We give ourselves a Hilbert spaceich thatB is
contained inB(H) as aC*-algebra. We consider the nebf pairs(X,Y), whereX
is a finite-dimensional subspace BfandY is a finite-dimensional quotient space of
B. (Equivalently, by (1.3)Y* is a finite-dimensional subspace Bf.) The canonical
order is given by(Xo, Yo) < (X1, Y1) if and only if Xo C X3 andYy C Y;. Given
such a pairi = (X,Y) € I, we denote byj;: X — B the inclusion map and by
gi - B — Y the quotient map. According to our assumption, there exist a factorization
qiji = Bii, With X = M, > Y, suchthafie; [|cb < 1 and||Billcp < 1+dim(y)~L.
Using Wittstock’s extension theorem (see [33]), we can exigntb a complete
contractione; : B(H) — M,,. Now let M = £~ {I; M,,} be theC*-algebraic direct
sum of theM,,’s; then we obtain a complete contractiéh: B(H) — M by letting
W(b) = (a; (b));c;. LetAU be an ultrafilter refining the canonical order brWe can
define a complete contractidh: B* — M* by letting

(TN, @iier) = i:(X,YI)ireTGIu,er* (B (). zi),
for any f € B* and any(z;)ic; € M = €x{l; M,,}. By construction, we obviously
have
Vbe B, feB*, (f.b)=(T(f).W®)).

This shows thatW, )*T equals the identity oB*. Consequently[*W**: B(H)**
— B** is a projection fromB(H)** onto its sub€*-algebraB**. SinceT*W** is a
complete contraction, we deduce from Tomiyama’s theoren¥th#i** is completely
positive. Restricting taB(H), we obtain thatr *W: B(H) — B** is a completely
positive contraction whose restriction Bis the canonical inclusion ag into B**.
This yields the assertion th&t has the WEP.
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We now turn to an application of Proposition 3.3 to the theory of completely
integral maps on operator spaces. We briefly recall the relevant definitions, which
were introduced in [9], [10]. Lef, Y be two operator spaces and [Bt X — Y
be a completely bounded map. We &t X* ® Y — CB(X,Y) be the contractive
mapping extending the canonical embeddkigg Y ¢ CB(X,Y). ThenT is said to
be completely nuclear if it lies in the range @f and its completely nuclear norm
v°(T) is defined as the quotient norm Bfin (X* ® Y)/kerd. Next, T is said to be
completely integral if it is the point-norm limit of a bounded ri&t); of completely
nuclear maps fronX into Y, and its completely integral nortA(T) is defined as the
infimum of sup{v°(7;)} over all such possible nets. Lastly,is said to be completely
1-summing if there is a constaat> 0 such that for any > 1,

(3.7) |15y ®T: S} @minX — Sj ® Y| <C.

In that case, its completely 1-summing norji(7') is defined as the smallest
satisfying (3.7). The space of all completely nuclear maps (resp., completely integral
maps, resp., completely 1-summing maps) franinto Y is denoted byN(X,Y)
(resp.,I(X,Y), resp.,I11(X, Y)). In general, the following contractive inclusions
hold:

NX,Y)CI(X,Y) CIIi(X,Y).

We refer the reader to [9], [10], [14], [30] for these inclusions and more information
on this topic.

CoroLLARY 3.7. Let A and B be twoC*-algebras and assume th# has the
WEP. Then? (B, A) = I11(B, A), and for any completel§-summingl': B — A,
n(T)=i°(T).
Proof. LetT: B — A be completely 1-summing. Given two arbitrary finite fam-
ilies (bk)1<k<n In B and(gx)1<k<ny IN A*, we check that

N

PRVACHR

k=1

N

Z‘Pk@bk

k=1

(3.8) <y (T)

A*@minB

By [10] (see also [6, Corollary 4.3]), this shows thiatis completely integral with
i°(T) < {(T), which yields the result.

We may assume thait) " ¢ ® bl a*gn,8 < 1. By (1.1), the linear map: A —
B associated t0_ ¢ ® by satisfies||ullco = || Y ¢x ® billa*om,8, and hence by
Proposition 3.3, we have (1) < 1. Hence there exists a factorization= S, for
somex: A — M,, B: M, — B satisfying|la|lcpllBllco < 1. Then we have

N

D (T B0 i)

k=1

<|tr(Tw)| = [tr(TBa)| = |tr(aTB)|.
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Letz € ST ® B represeng. Then the tensof/ s: ®T)(z) represents the operatdB
from which, by (3.7), we get

N

PRVACHR"Y

k=1

< lletllen| (Isp ® T) 2)|

SI@A

< llellepmy (D zll st @mns = lellcom (T Bllcb
<y (T).

This proves (3.8) and concludes the proof. O

Remark 3.8. Let B be a nucleaC*-algebra. Then for any operator spacgeany
finite rank operator.: Y — B satisfies|u|cp = y (u) (see, e.g., [29, Section 6.3]).
Hence the proof of Corollary 3.7 actually yields

(3.9) for any operator space, I(B,Y)=1TII1(B,Y) isometrically

Let us now focus on the (nuclea€)*-algebra¥. Recall thatS; = #* completely
isometrically. We observe that for arly, we haveN(¥*,Y) = I(¥,Y) isometri-
cally. Indeed, letj: Y — Y** be the canonical inclusion map; then the mapping
T — jT induces an isometric embeddingafX, Y) into (% ®min Y *)* by [6,§oro|-
lary 4.3]. According to [7, Proposition 4.1], we hav# ®min Y*)* = 51 ® Y™
whencel (#,Y) = S1 ® Y or, equivalently,/ (},Y) = N(¥,Y). Putting together
with (3.9), we obtain that

for any operator space, N(,Y)=TII1(K,Y) isometrically

It should be interesting to characterize the operator spxcsatisfyingN (X,Y) =
I11(X, Y) for any Y. We refer to [19] for the corresponding problem in Banach space
theory.

We can however mention here a related result. . &e anyC*-algebra; then

B is nuclear<= N(B,Y) = I11(B, Y) isometrically for any finite-dimensional.

Indeed, assume tha is nuclear; then it is locally reflexive (see [5]). Hence for
any finite-dimensional operator spatewe haveN (B,Y) = I (B, Y) by [10, Theo-
rem 3.6], from which we get the result by (3.9). Conversely, assumeMtatY) =
[11(B,Y) for any finite-dimensionall. Recall thatN(B,Y) = B* ® Y for any
finite-dimensionalt. Note also that if we consider two arbitrary (possibly infinite-
dimensional) operator spac&sZ such thatZ c Y completely isometrically, then
we getl‘[i(B, Z) C El(B, Y) isometrically. We thus deduce that for aAyc Y, we
haveB* ® Z C B* ® Y isometrically. Indeed, it is easy to reduce to the case where
Y andZ are finite dimensional. By the duality relation (1.2), we can deduceBfat

is injective (see [14, Remark 3.5.2] for details). By [3], this yields the resultBhat
nuclear.
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We end this section with an easy consequence of Theorem 2.1, in terms of fac-
torization through finite-dimensional exact operator spaces (in the sense of [26]). It
should be compared with [29, Theorem 6.4.11].

CoroLLARY 3.9, Let A be aC*-algebra and letF be an operator space. Then for
any finite rank linear map: A — F, and for anys > 0, there exist, for some > 1,
a subspacé; C M, and two linear maps: A — G, B: G — F, such thatt = fu
and |[|laleoll Bllcb < (1+&) llullch-

Proof. Let J: F — B(H) be a complete isometry. Then by Theorem 2.1, we
obtain a factorization/u = B1a1, with A 2, M, ﬂ B(H) and |la1|lcbll B1llch <
(1+¢)|ullcp- Now takeG = a1(A), leta be induced byy1, and lets be the restric-
tion of 81 to G. Thengy is valued inF, from which we get the result in Corollary 3.9.

O

We observe that the latter result may also be viewed as a consequence of [6,
Section 5]. Indeed, it can be obtained as a simple combination of Lemma 5.2, Theo-
rem 5.5, and the duality formula (5.8) in [6].

4. On finite rank operators defined on spaces of Hankel operators.In this
section we are concerned with either scalar or vectorial Hankel operators, with re-
spect to a fixed orthonormal basis);>1 of £2. We use well-known descriptions of
such operators ([20], [21] and [29, Section 8.1]), which require some background on
function spaces.

We letT = {z € C: |z] = 1} be the scalar unitary group, equipped with its nor-
malized Haar measure. For anpy € [1,+oc0] and any Banach spacg, we de-
note by L,(X) the Lebesgue-Bochner spaég (T; X) of all measurable ang-
integrable functions fronT into X. Given anyf € L,(X) and anyn € Z, we let
f(n) = fT f(&)&"dg denote therth Fourier coefficient off . Next we can introduce
the corresponding Hardy space

Hy(X)=|feLy(X):¥n <0, f(n)=0}.

For convenience, thecalar-valuedspaced. ,(C) and H,(C) are simply denoted by
L, andH),, respectively.

Recall thatL1 can be canonically regarded as an operator space since it is the
predual of the von Neumann algebta,. If X is an operator space, thén (X) is
regarded as the operator spdce® X. Similarly, H1(X) is regarded as the operator
space defined by the inclusidi (X) C L1(X). See [30, Section 2] for more details
about this.

By definition, we say thaf’ € B(¢») is a Hankel operator if there exists a scalar
sequencéa,),>1 such that;; = a;; for anyi, j > 1, where(z;;); j>1 is the matrix
of T defined byr;; = (T'(e;), e;). We denote by

Ha C B(t2)
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the operator space formed by all Hankel operators. It follows from classical theorems
of Nehari [20] and Page [21] that

(4.2) Ha = Lo completely isometrically
Hoo

when the latter is equipped with the quotient operator space structure. Indeed, for
any f € L, there is a (uniquey = Ty € Ha whose matrix is given by;; =
f(l—z —j) foranyi, j > 1, and the resulting mapping— Ty induces an isometry
from L./ Hx Onto Ha (refer to [20]). The fact that this isometry is a complete one,
which means thaWf,,(Ha) = M, (L) /M, (Hy) isometrically for alln > 1, is just a
reformulation of the finite-dimensional vectorial version of Nehari’s theorem due to
Page [21].

We now turn to general vectorial Hankel operators. Hdie a Hilbert space. To any
T € B(¢2(H)), one can associate a mat(ig); ;>1 with entries inB(H) defined, for
anyh,kin H, by (T;j(k),h) = (T (ej ®k),e; ® h). Then we say thal' € B({2(H))
is a B(H)-valued Hankel operator if there exists a sequetg,>1 C B(H) such
that7;; = A;4; for anyi, j > 1. Now letR C B(H) be a von Neumann algebra on
H.If T is a B(H)-valued Hankel operator whose “coefficients; belong toR, we
say thatT is an R-valued Hankel operator. The operator spac&efalued Hankel
operators is denoted by

Ha(R) C B(t2(H)).

Taking into account the classical dualitf; = L~/Hx and the complete isometry
(4.1), we may state the following lemma, which is a reformulation of some results
from [12], which, in turn, rely on Parrot’s approach to Nehari's theorem [22].

LeEmMMA 4.1 Let R be any von Neumann algebra. Then

(i) Hi(R.) = Hi ® R. isometrically;
(i) (H1(Ry))* = Ha(R) isometrically.

Proof. We let H be a Hilbert space. Recall that we hake(S1(H)) = L1 @5
S1(H). Moreover for any operator spaék and any subspace C E, the canonical

embeddingF ® S1(H) C E ® S1(H) is isometric (see, e.g., [30, Corollary 1.2]).
With E = L, and F = Hq, we derive

(4.2) Hi(S1(H)) = H1 ® S1(H).

Let R C B(H) and letg: S1(H) — R, be the quotient mapping defined as the
preadjoint map of the canonical embeddiRg— B(H). Let R, = kerg be the
preannihilator ofR into S1(H). Then, according to (1.3), we have the completely
isometric identification
S1(H)
R,
if S1(H)/R. is endowed with the quotient operator space structure. It therefore

%9
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follows from the functorial properties ab and (4.2) thatly, ® g: H1 ® S1(H) —

H; ® R, extends to a quotient mapping frok# (S1(H)) onto Hy <§> R.. By [12,
Theorem 2.2], this yields (i). Furthermore, it follows from above and the proof of

Theorem 2.2 in [12] thatH; ® Ry)* = Ha(R), from which we get (ii). O

THEOREM 4.2 LetR 8be a von Neumann algebra and lEtbe a Hilbert space.
(i) We haveH1(R,) ® B(H) = H1(Ry) ®min B(H) isometrically.
(i) For any finite rank bounded operatar. Ha(R) — B(H), there exist a net of
finite rank operators:; : Ha(R) — B(H) such thaty («;) < ||u]|cp for all i, and

Vy e Ha(R), |lui(y)—u(y)ll — 0.

Remark 4.3. The second point in Theorem 4.2 is equivalent to saying that given
a von Neumann algebrg, any finite rank bounded operator defined Ba(R) is
exact (see [29, Section 6.4] or [14, 3.1.3.5] for the definition). This result had been
previously obtained (by a different method) by Junge indtaar case (i.e.R = )
in [14, Proposition 3.5.9].

Proof of Theorem 4.2.We give ourselves a Hilbert spaias well as a completely
contractive ma : H1(R.) — B(#) and ax-representatiorr : B(H) — B(3). We
assume that andz have commuting ranges and et = 7 (B(H))'. We thus have
o € CB(H1(Ry), M), with |o||cp < 1. We claim that

(4.3) there exist$ € CB(L1(Ry), M) such that|c'|co < 1 ando,/p,(r,) = 0.

Indeed, we have the following isometric identifications:

CB(Hy(R.), M) = (Hi(R,) ® M,)" by (1.2)

(
((H1 ® Ry) ® M,)" by Lemma 4.1(i)
=(H1® (R®M),)" by [7, Theorem 3.2]

(Hi((R®M),))" by Lemma 4.1(i) again

similarly, C B(L1(R.), M) = (L1((R®M).))*. SinceH1((R®M).) C L1((R®M).)
isometrically, our claim (4.3) simply follows from Hahn-Banach. Wejlet H1(R,) ®
B(H) and we denote by € L1(R,)® B(H) its image obtained by canonical embed-
ding. Then, according to (4.3), we have

lo-zWM Il =llo- 7N < 8().

Taking the supremum over commuting paits 7), we obtains(y) < §(y). Now
observe that sincd.1(R,) is the predual of the von Neumann algehta, ®R,
we haves(y) = VL, roomnB(H) DY Theorem 2.1 (see also Remark 2.5). Since
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Hi1(Ry) ®min B(H) C L1(R,) ®min B(H) isometrically, we finally obtains(y) <
Iyl 71RO @mnB(H)- The converse inequality is obvious, and hence this concludes the
proof of (i).

We now prove (ii). We use the property that the operator spac®..) is locally
reflexive. This claim can be justified as follows. First, any subspace of a locally
reflexive operator space is locally reflexive itself (see [10] or use Lemma 2.9). Second,
L1(R,) is locally reflexive because its dual spacg ®R is a von Neumann algebra
(see [6]; see also Theorem 2.10). WedetHa(R) — B(H) be a finite rank bounded
operator. By Lemma 4.1(ii), we can regarés an element aff1(R,)**® B(H). By
Lemma 2.8 and the local reflexivity df1(R,), the norm ofu inside (H1(R+) ®min
B(H))** is < |ullcb. By Goldstine’s lemma, we may thus find a met Ha(R) —

B(H) of finite rank operators such thgt; ||cp < ||u|lcb, i —> u in the w*-topology

of (H1(Ry) ®min B(H))™*, and eachy; is represented by an element Hi(R,) ®
B(H) (equivalently, eacly; is w*-continuous). In particulay; (y) — u(y) weakly

in B(H) for any y € Ha(R). By a standard convexity argument, we can actually
assume thallu; (y) —u(y)|| — 0 for anyy € Ha(R). Combining part (i) proved
above and Theorem 2.3(ii), we see thdiz;) < ||u;|lco, from which we gety (u;) <

Nl co- O

Remark 4.4. Let C = C(T) C L be the space of all continuous functions from
T into C, and letA = CN Hy C C be the so-called disc algebra. Then, taking into
account the classical identit§/y = (C/A)*, it follows from Theorem 4.2(i) that for
any finite rank bounded operatet C/A — B(H), we havel|u|cp = y (u).
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