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FACTORIZATION THROUGH MATRIX SPACES FOR FINITE
RANK OPERATORS BETWEENC∗-ALGEBRAS

MARIUS JUNGEand CHRISTIAN LE MERDY

0. Introduction. In this paper we consider factorizations of finite rank opera-
tors through finite-dimensionalC∗-algebras. We are interested in factorization norms
involving either the completely bounded norm‖ ‖cb or Haagerup’s decomposable
norm‖ ‖dec (see [11]). Let us denote byMn theC∗-algebra of alln×nmatrices with
complex entries. LetA andB be twoC∗-algebras, and let us consider a finite rank
bounded operatoru : A→ B. Then forn large enough, sayn≥ rk(u), we may write
factorizations of the formu= βα, for some bounded operators

A
α−→Mn

β−→ B.(0.1)

Ourmain result (Theorem 2.1) says that for anyε > 0, one can findα andβ as above
such that‖α‖cb‖β‖dec≤ (1+ε)‖u‖dec. If u is completely positive, then‖u‖dec= ‖u‖;
hence in that case, we obtain that‖u‖ = inf {‖α‖cb‖β‖dec}, where the infimum runs
over all factorizations as above. This new result that finite rank, completely positive
maps factor through matrix algebras gives some explanation of the phenomenon
behind the classical result of Choi-Effros-Kirchberg [4], [16] characterizing nuclear
C∗-algebras either by the completely positive approximation property or equivalently
by theapproximate matricialityof the algebra.
For a finite rank operatoru : A → B betweenC∗-algebras, let us now introduce

γ (u)= inf {‖α‖cb‖β‖cb}, where the infimum runs over alln≥ 1 and all factorizations
of u of the form (0.1). We obviously have‖u‖cb≤ γ (u). In Section 3 we consider the
natural problem of whether the converse inequality holds, that is,‖u‖cb= γ (u). We
show that this holds ifB has the weak expectation property (as defined in [18]). In
the case whenB is a von Neumann algebra, we obtain the following characterization.
The equality‖u‖cb= γ (u) holds for allA and allu if and only ifB is injective. This
result shows in particular that the two normsγ ( ) and‖ ‖cb may be different. Thus
the decomposable norm‖ ‖decbehaves better than the completely bounded one when
dealing with factorization through matrix algebras.
Our factorization results have several applications to the theory of operator spaces.

First, we give a new proof of the recent theorem by Effros-Junge-Ruan [6], which
asserts that given any vonNeumann algebraR, the predual operator spaceR∗ is locally
reflexive in the sense of [5], [7]. Second, we show that given any twoC∗-algebras
A andB, the Banach spaces of completely integral maps and completely 1-summing
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300 JUNGE AND LE MERDY

maps (in the sense of [9], [10], [30]) fromB intoA coincide provided thatB has the
weak expectation property. Third, in Section 4, we study factorization throughMn for
finite rank operators defined on spaces of vector-valued Hankel operators. We extend
a result due to the first author that says that any finite rank operator defined on the
operator spaceHa of (scalar-valued) Hankel operators is exact (see [14]).

1. Preliminary background. We recall here some standard notation and termi-
nology. We refer the reader to [24] for general information on completely bounded
maps and to [1], [2], [7], [8], [10], [29], [30], [31] for the theory of operator spaces.
By definition, an operator space is a closed subspaceX ⊂ B(H) of theC∗-algebra of
all bounded operators on a complex Hilbert spaceH . We denote byMn(X) the space
of all n×n matrices with entries inX, which is equipped with the norm inherited by
the inclusionMn(X) ⊂ B(�n2(H)). In that definition,�

n
2(H) is the Hilbertian direct

sum ofn copies ofH . Let X ⊂ B(H) andY ⊂ B(K) be two operator spaces. We
denote byCB(X,Y ) the Banach space of all completely bounded maps fromX into
Y , equipped with the completely bounded norm‖ ‖cb. We say that a bounded operator
u : X→ Y is completely contractive (or is a complete contraction) when‖u‖cb≤ 1,
and that it is completely isometric (or is a complete isometry) whenIMn ⊗u is an
isometry fromMn(X) intoMn(Y ) for all n≥ 1. The minimal (or spatial) tensor prod-
uct is denoted byX⊗minY . We recall that it may be defined as the closure ofX⊗Y
into theC∗-algebraB(H

2⊗K), whereH
2⊗K is the Hilbertian tensor product ofH

andK. The projective operator space tensor product (for which we refer to [2], [7],
[8]) is denoted byX

�⊗ Y . WhenX = A andY = B areC∗-algebras, a third tensor
product plays a crucial role, namely, the maximal tensor productA⊗maxB defined
as the completion ofA⊗B under its greatestC∗-norm (see, e.g., [32] or [24]).
Let X be an operator space. We recall that its dual spaceX∗ can be regarded as

an operator space, once equipped with the so-called standard dual operator space
structure (see [1], [2], [7], [8]). The latter is characterized by the fact that for any
other operator spaceY , the canonical identification ofX∗⊗Y with the space of finite
rank operators fromX into Y yields an isometric embedding

X∗ ⊗minY ⊂ CB(X,Y ).(1.1)

As another crucial identity, we recall that for anyX,Y , we have

CB(X,Y ∗)= (
X
�⊗ Y

)∗
.(1.2)

We use the notion of quotient operator space structure, which was introduced in
[31]. LetX andY be two operator spaces such thatY ⊂X completely isometrically.
Then the quotient operator space structure onX/Y is defined by lettingMn(X/Y )=
Mn(X)/Mn(Y ) for any integern≥ 1. Note that with that definition, we have(

X

Y

)∗
= Y⊥ ⊂X∗ completely isometrically.(1.3)



FINITE RANK OPERATORS BETWEENC∗-ALGEBRAS 301

Now letR ⊂ B(H) be a von Neumann algebra. We can regard its predualR∗ as an
operator space by means of the canonical embeddingR∗ ⊂ R∗. Then it turns out that
R is the standard dual operator space ofR∗ (see [1, Theorem 2.9]). In particular, the
spaceS1(H) = B(H)∗ of trace class operators onH can be regarded as an operator
space. The operator spaceS1(�2) is simply denoted byS1 whereas we denote by
� theC∗-algebra of all compact operators on�2. For anyn ≥ 1, we denote bySn1
the dual operator space ofMn. Similarly, we denote by�n∞ and�n1 the commutative
n-dimensionalC∗-algebra and its dual operator space, respectively.
We end this section with a brief review of Haagerup’s decomposable norm from

[11]. Given any twoC∗-algebrasA andB, we say that a linear mapu : A → B is
decomposable if it lies in the linear span of completely positive maps. We denote
by D(A,B) the vector space of all decomposable maps fromA into B. For any
u ∈ D(A,B), we let ‖u‖dec= inf {max{‖S1‖‖S2‖}}, where the infimum runs over
all completely positive mapsS1 : A → B and S2 : A → B such that the operator
v : A→M2(B) defined by

v(x)=
(
S1(x) u(x∗)∗
u(x) S2(x)

)

is completely positive. It is shown in [11] that‖ ‖dec is well defined and is a com-
plete norm onD(A,B). Moreover the inequality‖u‖cb ≤ ‖u‖dec holds for any
u ∈D(A,B). This inequality is actually an equality in two important cases. First,

if u : A→ B is completely positive, then‖u‖dec= ‖u‖cb(= ‖u‖).(1.4)

Second, it follows from [33] and [23] that

if B is injective, then‖u‖dec= ‖u‖cb for anyu ∈D(A,B).(1.5)

It is also proved in [11] that ifC is a thirdC∗-algebra, then

if u ∈D(A,C),v ∈D(C,B), thenvu ∈D(A,B) and‖vu‖dec≤ ‖v‖dec‖u‖dec.
(1.6)

We conclude with a simple tensorization result that first appeared in [15].

Lemma 1.1 [15]. LetA,B,C be threeC∗-algebras and letu ∈D(A,B). Then the
mappingu⊗ IC : A⊗C −→ B⊗C extends (in a unique way) to a decomposable
mapũ : A⊗maxC −→ B⊗maxC, which satisfies‖ũ‖dec≤ ‖u‖dec.

2. Factorization through Mn with respect to the decomposable norm.The
following theorem is the key result of our paper.

Theorem 2.1. Let A andB be twoC∗-algebras and letu : A → B be a finite
rank bounded operator.
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(i) For any ε > 0, there exist an integern ≥ 1 and two linear mapsα : A →
Mn, β : Mn → B such thatu= βα and‖α‖cb‖β‖dec≤ (1+ε)‖u‖dec.
(ii) Assume thatA is a von Neumann algebra and thatu isw∗-continuous. Then (i)

can be achieved for somew∗-continuousα.

In the course of the proof of Theorem 2.1, we use a representation theorem due to
Effros and Ruan [7] that we now recall. LetR andM be two von Neumann algebras,
and letR⊗M be their von Neumann tensor product. Then the isometry (1.1) (with
X = R∗,Y =M) extends to the isometric identification

CB(R∗,M)= R⊗M.(2.1)

More precisely, given anyϕ in R∗, let ϕ̂ be the unique extension ofϕ⊗ IM as a
w∗-continuous linear map fromR⊗M into M. Then (2.1) means that for anyθ in
R⊗M, the mappingσ : R∗ →M defined by

σ(ϕ)= ϕ̂(θ)(2.2)

is completely bounded with‖σ‖cb = ‖θ‖, and that the resulting isometryθ �→ σ

from R⊗M into CB(R∗,M) is surjective.
The proof of Theorem 2.1 essentially relies on a factorization result recently dis-

covered by Pisier in [29]. Before stating it, we introduce some relevant notation. Let
E1,E2 be two operator spaces and let� be a Hilbert space. Given two linear maps
σ1 : E1 → B(�), σ2 : E2 → B(�), we defineσ1·σ2 : E1⊗E2 → B(�) by letting

σ1·σ2
(∑

x1i ⊗x2i
)

=
∑

σ1
(
x1i

)
σ2

(
x2i

)
,

for any finite families(x1i )i in E1, (x
2
i )i in E2.

Definition 2.2[29, Section 6.3]. LetE be an operator space and letB be aC∗-
algebra. For anyy ∈ E⊗B, we set

δ(y)= sup
{‖σ ·π(y)‖},

where the supremum runs over all Hilbert spaces�, all completely contractive maps
σ : E → B(�), and all∗-representationsπ : B → B(�) with commuting ranges
(i.e.,σ(e)π(b)= π(b)σ (e) for anye ∈ E,b ∈ B). The completion ofE⊗B underδ

(which is obviously a norm) is denoted byE
δ⊗ B.

Pisier’s theorem given below expressesδ as a suitable factorization norm. The
following statement is a combination of [29, Theorem 6.3.1] and [29, Corollary 6.3.5].

Theorem 2.3 [29]. Let E be an operator space, letB be aC∗-algebra, and let
y ∈ E⊗B. Then

δ(y)= inf


∥∥[

eij
]∥∥
Mn(E)

∥∥∥∥∥
n∑
i=1
aia

∗
i

∥∥∥∥∥
1/2∥∥∥∥∥

n∑
j=1

b∗
j bj

∥∥∥∥∥
1/2


 ,(i)
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where the infimum runs over all decompositions ofy of the formy = ∑
1≤i,j≤n eij ⊗

aibj , with arbitrary n≥ 1, eij ∈ E, andai,bj ∈ B.
(ii) Letu : E∗ → B be the linear map represented byy. Then

δ(y)= inf
{‖α‖cb‖β‖dec

}
,

where the infimum runs over all factorizationsu = βα whereα : E∗ → Mn is w∗-
continuous andβ : Mn → B.
(iii) Assume thatE is a dual operator space, that is,E = F ∗ for some operator

spaceF , and letu : F → B be the linear map represented byy. Then

δ(y)= inf
{‖α‖cb‖β‖dec

}
,

where the infimum runs over all factorizationsu = βα with α : F → Mn and
β : Mn → B.

Remark 2.4. Let y ∈ E ⊗ B as above, and letj : B → B∗∗ be the canonical
inclusion map. Then we have

δ(y)= δ
((
IE⊗j)(y)).(2.3)

Indeed, given a Hilbert space�, letσ : E → B(�) andπ : B → B(�) be a complete
contraction and a∗-representation, respectively, and assume that they have commuting
ranges. Letπ1 : B∗∗ → B(�) be the normal extension ofπ ; thenπ1(B∗∗) commutes
with σ(E), and hence∥∥σ ·π(y)∥∥ = ∥∥σ ·π1

((
IE⊗j)(y))∥∥ ≤ δ((IE⊗j)(y)),

from which we get the inequality≤ in (2.3). The converse inequality is obvious.

Remark 2.5. Let A,B be twoC∗-algebras, and letα : A→Mn andβ : Mn → B

be two bounded operators. Then it follows from (1.6) and (1.5) that

‖βα‖dec≤ ‖α‖dec‖β‖dec≤ ‖α‖cb‖β‖dec.
Thus, if we take a finite rank operatoru : A→ B betweenC∗-algebras, and if we let
y ∈ A∗ ⊗B be associated tou, then‖u‖dec≤ δ(y) by Theorem 2.3(iii). The meaning
of Theorem 2.1(i) is that, in fact,

‖u‖dec= δ(y).

By Theorem 2.1(ii), the same equality holds ifA is a von Neumann algebra and
y ∈ A∗ ⊗B.

Proof of Theorem 2.1.Let us prove (i). We consider a finite rank bounded operator
u : A → B, and we takeϕ1, . . . ,ϕN in A∗ andb1, . . . ,bN in B such that the tensor
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ϕk⊗bk in A∗ ⊗B representsu. By part (iii) of Theorem 2.3, it suffices to show

that

δ
(∑

ϕk⊗bk
)

≤ ‖u‖dec.(2.4)

We give ourselves a Hilbert space�, a∗-representationπ : B → B(�), and a com-
pletely contractive mapσ : A∗ → B(�), and we assume that the ranges ofπ and
σ commute. LetM = π(B)′ ⊂ B(�) be the commutant ofπ(B); thenM is a von
Neumann algebra. We may now regardσ as a complete contraction fromA∗ into
M. Applying (2.1) withR = A∗∗, we identifyσ with an elementθ in A∗∗⊗M such
that ‖θ‖ ≤ 1. By Kaplansky’s density theorem, there exists a net(θi)i ⊂ A∗∗⊗M
converging toθ in thew∗-topology ofA∗∗⊗M such that, for everyi, ‖θi‖ ≤ 1 and
θi belongs to the algebraic tensor productA⊗M. Applying (2.1) again (or merely
(1.1)), we associate a complete contractionσi : A∗ →M to eachθi , and looking at
(2.2), we observe that thew∗-convergence ofθi towardsθ implies

∀ϕ ∈ A∗, σi(ϕ)
w∗−→ σ(ϕ).(2.5)

We now letQ : A⊗maxM → A⊗minM be the canonical∗-representation induced by
the identity onA⊗M, so that(

A⊗maxM
)

kerQ
= A⊗minM isometrically.(2.6)

For any 1≤ k ≤N , we denote bŷϕk : A⊗minM →M the (unique) bounded extension
of ϕk⊗IM . Now let ũ : A⊗maxM → B⊗maxM be the extension ofu⊗IM given by
Lemma 1.1. For anya ∈ A,m ∈M, we have(u⊗IM)(a⊗m)= ∑N

k=1bk⊗(ϕk(a)m),
and hence,

∀τ ∈ A⊗maxM, ũ(τ )=
N∑
k=1

bk⊗
(
ϕ̂k

(
Q(τ)

))
.

We deduce that̃u vanishes on kerQ, and hence by (2.6), we obtain the following for
everyi: ∥∥∥∥∥

N∑
k=1

bk⊗
(
ϕ̂k

(
θi

))∥∥∥∥∥
B⊗maxM

= ∥∥ũ(θi)∥∥B⊗maxM
≤ ‖ũ‖‖θi‖A⊗minM.

Since‖θi‖A⊗minM ≤ 1, we deduce from Lemma 1.1 that

∥∥∥∥∥
N∑
k=1

bk⊗
(
ϕ̂k

(
θi

))∥∥∥∥∥
B⊗maxM

≤ ‖u‖dec.
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Considering the relation betweenθi andσi (see (2.2)), we have actually proved∥∥∥∥∥
N∑
k=1

bk⊗σi
(
ϕk

)∥∥∥∥∥
B⊗maxM

≤ ‖u‖dec.

The ∗-representationπ : B → B(�) is valued in the commutant ofM, and hence
the linear mapping fromB ⊗M into B(�) defined by takingb⊗m to π(b)m for
any b ∈ B andm ∈ M extends to a∗-representation fromB ⊗maxM into B(�).
Consequently, ∥∥∥∥∥

N∑
k=1

π
(
bk

)
σi

(
ϕk

)∥∥∥∥∥
B(�)

≤ ‖u‖dec.

The multiplication mapping isw∗-continuous onB(�); hence for any 1≤ k ≤ N ,
we have

π
(
bk

)
σi

(
ϕk

) w∗−→ π(bk)σ (ϕk)

by (2.5). Thusσ ·π(∑ϕk⊗bk) is thew∗-limit of
∑
π(bk)σi(ϕk), from which we get∥∥∥σ ·π

(∑
ϕk⊗bk

)∥∥∥ ≤ ‖u‖dec.

Taking the supremum over the commuting pairs(σ,π), we obtain, by Definition 2.2,
the desired inequality (2.4).
The proof of (ii) is almost identical, using the second part of Theorem 2.3 instead

of the third one. We omit it.

As an application of Remark 2.4, we obtain the following corollary, which is used
later in this paper.

Corollary 2.6. LetA, B be twoC∗-algebras, letj : B → B∗∗ be the canonical
inclusion map, and letu : A→ B be a finite rank bounded operator. Then‖u‖dec=
‖ju‖dec.
It should be noticed that the equality‖u‖dec= ‖ju‖dec obtained above does not

remain true if we remove the finite rank assumption onu. Indeed, one may find
a compact setK, and a bounded operatoru : C(K) → C(K) on theC∗-algebra
C(K) of all complex-valued continuous functions onK, which is not decompos-
able (see [11] and the references therein). However,ju is valued in the commuta-
tive von Neumann algebraC(K)∗∗ and, hence, is automatically decomposable, with
‖ju‖dec= ‖ju‖ = ‖ u ‖.
We now focus on the situation whereA (or B) is a sub-C∗-algebra ofMN(C) for

some integerN ≥ 1 and some commutativeC∗-algebraC, and we improve Theo-
rem 2.1 in these cases. We recall that ifA orB is commutative, then by Stinespring’s
theorems, a linear mapu : A→ B is positive if and only if it is completely positive
(see, e.g., [24]).
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Proposition 2.7. Let u : A→ B be a finite rank bounded operator betweenC∗-
algebras, and letε > 0.

(i) Assume that there exist an integerN ≥ 1 and a commutativeC∗-algebra
C such thatA ⊂ MN(C). Then there existn ≥ 1 and two linear mapsα : A →
�n∞(MN), β : �n∞(MN)→ B such thatu= βα and‖α‖cb‖β‖dec≤ (1+ε)‖u‖dec.
(ii) Assume thatA is a commutativeC∗-algebra. Then there existϕ1, . . . ,ϕn

in A∗ and a1, . . . ,an,b1, . . . ,bn in B such that for anyx in A, we haveu(x) =∑
k ϕk(x)akbk, and

sup
k

{‖ϕk‖}
∥∥∥∥∥
∑
k

aka
∗
k

∥∥∥∥∥
1/2∥∥∥∥∥

∑
k

b∗
kbk

∥∥∥∥∥
1/2

≤ (1+ε)‖u‖dec.

Proof. We appeal to a factorization result of Gilles Pisier and the first author
in [26]. We assume thatA ⊂ MN(C), for some commutativeC∗-algebraC. By
Theorem2.1, we haveu= βαwithA

α−→Mk
β−→ B and‖α‖cb‖β‖dec≤ (1+ε)‖u‖dec.

Further, it follows from Theorem 18 in [26] and its proof that we have a factorization
α = α′′α′, with A α′−→ �n∞(MN)

α′′−→ Mk, and‖α′′‖cb‖α′‖cb ≤ (1+ ε)‖α‖cb. This
leads to a new factorizationu= (βα′′)α′, which, by (1.6) and (1.5), provides part (i)
in Proposition 2.7. Now assume thatA is commutative; then (i) holds withN = 1.
Let (ek)1≤k≤n be the canonical basis of�n∞ and letϕk = α∗(e∗k ) for all 1 ≤ k ≤ n.
Then for anyx ∈ A, we haveu(x)= ∑

k ϕk(x)β(ek), and hence (ii) is an immediate
consequence of [28, Lemma 1.16].

Remark 2.8. LetN ≥ 1 be an integer, letC be a commutativeC∗-algebra, and let
B ⊂ MN(C) be a sub-C∗-algebra ofMN(C). Arguing as above, and using the fact
thatB is nuclear, we obtain (without appealing to Theorem 2.1) the following analog
of Proposition 2.7, whose proof is left to the reader: For any operator spaceX, for
any finite rank bounded operatoru : X→ B, and for anyε > 0, there exist an integer
n ≥ 1 and two linear mapsα : X → �n∞(MN), β : �n∞(MN)→ B such thatu = βα

and‖α‖cb‖β‖cb≤ (1+ε)‖u‖cb. Note that sinceB is nuclear, we have‖β‖dec= ‖β‖cb
in the above statement. Furthermore, ifX = A is aC∗-algebra, then‖u‖dec= ‖u‖cb.
This follows from, for example, [29, Section 6.3]; see the next section of the present
paper for more on this theme.

We now turn to our application to local reflexivity. By definition (see [5], [7]), an
operator spaceX is said to be locally reflexive provided that, for any finite-dimensional
operator spaceF and any completely bounded mapu : F → X∗∗, there exists a net
of operatorsui : F → X satisfying‖ui‖cb ≤ ‖u‖cb for any i and such that, for any
f ∈ F , ui(f ) converges tou(f ) in thew∗-topology ofX∗∗. TakingE = F ∗, we see
thatX is locally reflexive if and only if(

X⊗minE
)∗∗ =X∗∗ ⊗minE isometrically

for any finite-dimensional operator spaceE. The next lemma is a useful reformulation
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of local reflexivity, which goes back to [10]. First note that given any operator space
Y , there is a canonical embedding

X∗∗ ⊗Y −→ (
X⊗minY

)∗∗(2.7)

defined as follows. To anyξ ∈ (X⊗minY )
∗, we may associateT : Y →X∗ by letting

〈T (y),x〉 = 〈ξ,x⊗y〉 for anyy ∈ Y andx ∈ X. Then givenx∗∗ in X∗∗ andy ∈ Y ,
we can regardx∗∗ ⊗y as an element of(X⊗minY )

∗∗ by letting, for anyξ as above,
〈x∗∗ ⊗y,ξ〉 = 〈T (y),x∗∗〉. By linearity, this yields (2.7). With the same notation, we
note that if we takez ∈ X∗∗ ⊗Y , and if we denote byu : X∗ → Y the finite rank
operator associated toz, then

〈z,ξ〉 = tr(uT ).(2.8)

In the following statement, we consider (2.7) in the case whenY = B(H).

Lemma 2.9 [10, Section 3]. Let X be any operator space. ThenX is locally re-
flexive if and only if for any Hilbert spaceH , we have a contractive (and hence,
isometric) embedding

X∗∗ ⊗minB(H)⊂
(
X⊗minB(H)

)∗∗
.

The following result yields a different, simplified approach to the local reflexivity
result of Effros-Junge-Ruan [6].

Theorem 2.10. LetR be a von Neumann algebra, letB be aC∗-algebra, and let
u : R→ B be a finite rank bounded operator.

(i) For any ε > 0, there exists a netui : R → B of w∗-continuous finite rank
operators such thatsupi{‖ui‖dec} ≤ (1+ ε)‖u‖dec, and for any bounded operator
T : B → R, we havetr(uiT )−→ tr(uT ).
(ii) The operator spaceR∗ is locally reflexive.

Proof. We let ε > 0. By Theorem 2.1, we may findn ≥ 1, α : R → Mn, and
β : Mn → B such thatu= βα and‖α‖cb‖β‖dec≤ (1+ε)‖u‖dec. In the identification
CB(R,Mn)=Mn(R

∗) given by (1.1), the subspaceMn(R∗)⊂Mn(R
∗) corresponds

to the space ofw∗-continuous maps fromR into Mn. SinceMn(R∗)∗∗ = Mn(R
∗)

isometrically (see [1]), it therefore follows from Goldstine’s lemma that there exists
a netαi : R→Mn of w∗-continuous maps with‖αi‖cb≤ ‖α‖cb and

∀r ∈ R, αi(r)−→ α(r).(2.9)

We let ui = βαi and consider a bounded operatorT : B → R. We denote by
(Epq)1≤p,q≤n and (E∗

pq)1≤p,q≤n the canonical basis ofMn and its dual basis, re-
spectively. Then we have
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tr(uiT )= tr
(
αiTβ

) =
∑

1≤p,q≤n

〈
αi

(
(Tβ)

(
Epq

))
,E∗

pq

〉
−→

∑
1≤p,q≤n

〈
α
(
(Tβ)

(
Epq

))
,E∗

pq

〉
by (2.9)

= tr(αTβ)= tr(uT ).

Since‖ui‖dec≤ (1+ε)‖u‖dec (see Remark 2.5), this concludes the proof of part (i).
Let us now deduce thatR∗ is locally reflexive. We fix a Hilbert spaceH and we take

z in R∗ ⊗B(H). We denote byu : R→ B(H) the finite rank operator associated toz
and we give ourselves someε > 0. Then we considerξ ∈ (R∗⊗minB(H))

∗ and we let
T : B(H)→ R be the linear mapping associated toξ . By (1.5),‖u‖cb= ‖u‖dec; hence
we can find, by the first part of the theorem, a netui : R → B(H) of w∗-continuous
finite rank linear maps such that‖ui‖cb≤ (1+ε)‖u‖cb and tr(uiT )−→ tr(uT ). Each
ui is represented by somezi ∈ R∗ ⊗B(H), and by (2.8) we have∣∣ tr (uiT )∣∣ = |〈zi,ξ〉| ≤ ‖ui‖cb‖ξ‖(R∗⊗minB(H))

∗ ≤ (1+ε)‖u‖cb‖ξ‖(R∗⊗minB(H))
∗ .

Passing to the limit, we get

|〈z,ξ〉| = | tr(uT )| ≤ (1+ε)‖u‖cb‖ξ‖(R∗⊗minB(H))
∗

= (1+ε)‖z‖R∗⊗minB(H)‖ξ‖(R∗⊗minB(H))
∗ .

Sinceξ andε > 0 are arbitrary, we obtain that‖z‖(R∗⊗minB(H))
∗∗ ≤ ‖z‖R∗⊗minB(H).

By Lemma 2.9, this proves the result.

3. Factorization through Mn with respect to the completely bounded norm.
In this section we are primarily interested in the problem of whether Theorem 2.1
remains valid with the completely bounded norm instead of the decomposable one.
In order to investigate this problem and related ones, it is convenient to introduce the
following.

Definition 3.1. Let u : X→ Y be a finite rank bounded operator between operator
spaces. We set

γ (u)= inf {‖α‖cb‖β‖cb},
where the infimum runs over alln ≥ 1 and allα : X →Mn, β : Mn → Y such that
u= βα.

It is well known and easy to check that for any two operator spacesX,Y , u �→ γ (u)

is a norm on the space of finite rank operators fromX into Y . Now letA,B be two
C∗-algebras. Given any finite ranku : A→ B, we have, by Theorem 2.1,

‖u‖cb≤ γ (u)≤ ‖u‖dec.(3.1)

This leads to the following two natural questions: For whichC∗-algebrasB do we
have‖u‖cb= γ (u) for anyC∗-algebraA and any finite ranku : A→ B? For which
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C∗-algebrasB do we have‖u‖cb= ‖u‖dec for anyC∗-algebraA and any finite rank
u : A→ B? In Propositions 3.2 and 3.3, we provide some partial answers.

Proposition 3.2. Let B be a von Neumann algebra. ThenB is injective if and
only if, for anyC∗-algebraA and any finite rank linear mapu : A → B, we have
‖u‖cb= γ (u).

Proof. Assume thatB is injective. Then for anyu : A → B, we have‖u‖cb =
‖u‖dec by (1.5). Hence ifu has finite rank, we actually have‖u‖cb= γ (u) by Theo-
rem 2.1.
We now turn to the proof of the “if” part. It is based on a characterization of

injectivity of Pisier [27]. We assume that‖u‖cb= γ (u) for anyA and any finite rank
u : A → B. Given an integerN ≥ 1, we letCN ⊂ MN (resp.,RN ⊂ MN ) be the
operator space formed by all matrices with entries equal to zero except in the first
column (resp., row). They are both operator spaces isometric to theN -dimensional
Hilbertian space�N2 . Then we denote byRN ∩CN ⊂ RN

∞⊕ CN the operator space
structure on�N2 induced by the mappingx ∈ �N2 �→ (x,x) ∈ �N2 ⊕�N2 (see, e.g., [27,
Section 2] for details).
We give ourselves an operatorτ : RN ∩CN → B. Let F denote the free group

on infinitely many generators and letA = C∗
λ(F) be the reducedC

∗-algebra ofF.
By [13, Proposition 1.3], there exist two linear mappingsw : RN ∩CN → A and
v : A→ RN ∩CN such that‖v‖cb‖w‖cb≤ 2 andvw equals the identity onRN ∩CN .
Applying our assumption tou = τv, we find an integern ≥ 1 and a factorization

u= βα with A
α−→Mn

β−→ B and

‖α‖cb‖β‖cb≤ 2‖u‖cb≤ 2‖τ‖cb‖v‖cb.(3.2)

We now letσ = αw : RN ∩CN →Mn. By means of the completely isometric embed-
dingRN ∩CN ⊂ RN

∞⊕ CN , it is easy to derive from Wittstock’s extension theorem
[33] that there exists a decompositionσ = σ1+σ2, with

‖σ1 : RN →Mn‖cb≤ ‖σ‖cb and ‖σ2 : CN →Mn‖cb≤ ‖σ‖cb.(3.3)

For k = 1,2, we letτk = βσk. Then we have

τ1+τ2 = βσ = βαw = uw = τvw = τ.

Furthermore,

‖τ1 : RN → B‖cb≤ ‖β‖cb‖σ‖cb by (3.3)

≤ ‖β‖cb‖α‖cb‖w‖cb
≤ 2‖τ‖cb‖v‖cb‖w‖cb by (3.2)

≤ 4‖τ‖cb.
Similarly, ‖τ2 : CN → B‖cb ≤ 4‖τ‖cb. By [27, Theorem 2.9], that decomposition
result onτ shows thatB is injective.
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We recall that by definition (refer to [18]), aC∗-algebraB has the weak expectation
property (WEP) provided that the canonical inclusion map ofB into B∗∗ admits a
factorization

B
J−→ B(H)

P−→ B∗∗(3.4)

for some completely positive contractionsJ andP . The class ofC∗-algebras with
the WEP includes nuclearC∗-algebras and injective von Neumann algebras.

Proposition 3.3. Let A andB be twoC∗-algebras and assume thatB has the
WEP. Letu : A → B be any finite rank linear map. Then we have‖u‖cb = γ (u) =
‖u‖dec.

Proof. Let j : B → B∗∗ be the canonical inclusion map and letP andJ be as in
(3.4) such thatj = PJ . We give ourselves a finite rank bounded operatoru : A →
B. We haveju = PJu, and hence by (1.6) and (1.5), we obtain that‖ju‖dec ≤
‖P ‖dec‖Ju‖cb. SinceP is a completely positive contraction, we have‖P ‖dec≤ 1
by (1.4). On the other hand,‖J‖cb≤ 1, and hence we deduce that‖ju‖dec≤ ‖u‖cb.
Appealing to Corollary 2.6, we thus obtain‖u‖dec≤ ‖u‖cb, from which we get the
result by (3.1).

The previous result has an operator space interpretation in terms of the Haagerup
tensor product. We refer the reader to [2], [8], [29] for the definition and some

background on this tensor product that we denote by
h⊗. LetE be an operator space

and letB be aC∗-algebra. It is easy to check that the linear mapping fromB⊗E⊗B
into E⊗B that takesa⊗e⊗b to e⊗ab extends to a complete contractionQ : B h⊗
E

h⊗ B → E⊗minB. Moreover, it follows from Theorem 2.3(i) thatQ is a quotient

mapping if and only ifE⊗minB = E
δ⊗ B isometrically.

Corollary 3.4. Let R be a von Neumann algebra and letB be aC∗-algebra
with the WEP. Then the complete contraction

Q : B h⊗ R∗
h⊗ B −→ R∗ ⊗minB

defined byQ(a⊗ϕ⊗b) = ϕ⊗ab for a,b ∈ B andϕ ∈ R∗ is a complete quotient

mapping. That is, for anyn≥ 1, IMn ⊗Q is a quotient mapping fromMn(B
h⊗ R∗

h⊗
B) ontoMn(R∗ ⊗minB).

Proof. Under our assumption, we have

R∗ ⊗minB = R∗
δ⊗ B.

Indeed, lety ∈ R∗ ⊗B and letu : R → B be the linear map represented byy. Then
‖u‖dec= δ(y) by Theorem 2.1(ii) (see also Remark 2.5), whereas‖u‖cb = ‖y‖min
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by (1.1), from which we getδ(y)= ‖y‖min by Proposition 3.3. ThusQ is a quotient
mapping.
Given anyn≥ 1, theC∗-algebraMn(B) has theWEP. Thus, taking into account the

isometric identityR∗ ⊗minMn(B)=Mn(R∗ ⊗minB), the previous argument yields a
quotient mapping

Qn : Mn(B)
h⊗ R∗

h⊗Mn(B)−→Mn

(
R∗ ⊗minB

)
.

Let pn : Mn⊗Mn → Mn be the multiplication mapping onMn and letZ = B
h⊗

R∗
h⊗ B. Via the identificationMn(B)

h⊗ R∗
h⊗ Mn(B) = Mn ⊗Z⊗Mn, we may

consider

IZ⊗pn : Mn(B)
h⊗ R∗

h⊗Mn(B)−→Mn

(
B

h⊗ R∗
h⊗ B

)
,

and it is clear thatQn = (IMn ⊗Q)(IZ ⊗pn). To prove thatIMn ⊗Q is a quotient
mapping, it suffices to see thatIZ ⊗pn is a contraction. This can be checked very
easily by means of elementary manipulations on the Haagerup tensor product; we
skip the details.

Uffe Haagerup informed us recently that he could prove a converse to Proposi-
tion 3.3, which generalizes the main result of [11]. LetB be aC∗-algebra. Haagerup
proved that if for anyn≥ 1 and anyu : �n∞ → B, we have‖u‖dec= ‖u‖cb, thenB has
the WEP. In Proposition 3.5, we give an alternate characterization of the WEP. We
recall that we denote by� theC∗-algebra of all compact operators on the separable
Hilbert space�2.

Proposition 3.5. For anyC∗-algebraB, the following assertions are equivalent.
(i) B has the WEP.
(ii) For any linear mapu : �3∞ → �⊗minB, we have‖u‖dec= ‖u‖cb.
Proof. When aC∗-algebraB has the WEP, then�⊗minB has the WEP as well,

and hence (i) implies (ii) by Proposition 3.3.
We now assume (ii). LetF2 be the free group with two generatorsg1,g2, and let

C∗(F2) denote the fullC∗-algebra ofF2. By Kirchberg’s work [17], (i) is equivalent to

C∗(F2)⊗minB = C∗(F2)⊗maxB.(3.5)

We make use of Pisier’s approach to that result in [28]. By a standard argument, we
can assume thatB is unital. Fori = 1,2, letUi ∈ C∗(F2) be the unitary associated to
gi . Then we letE ⊂ C∗(F2) be the linear span of the unit ofC∗(F2) and of{U1,U2}.
By [28, Theorem 1.1], (3.5) holds if and only if

E⊗minB ⊂ C∗(F2)⊗maxB completely isometrically.(3.6)

Letn≥ 1 be an integer and lety ∈Mn(E⊗minB) be given. By [25, Section 3], the op-
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erator spaceE is completely isometric to�31 = (�3∞)∗, andmoreover,Mn(E⊗minB)=
E⊗minMn(B) isometrically, from which we getMn(E⊗minB)= CB(�3∞,Mn(B)).
Let u : �3∞ → Mn(B) be the linear mapping corresponding toy in this identifica-
tion. Then by our assumption (ii), we have‖u‖cb = ‖u‖dec. On the other hand,
‖u‖dec = ‖y‖C∗(F2)⊗maxMn(B) by [28, Lemma 1.20]. SinceC

∗(F2)⊗maxMn(B) =
Mn(C

∗(F2)⊗maxB), we finally obtain‖y‖Mn(E⊗minB) = ‖y‖Mn(C∗(F2)⊗maxB). This
proves (3.6) and concludes the proof.

Remark 3.6.We wish to mention yet one more characterization of the WEP, also
based on factorization through matrix spaces. LetB be aC∗-algebra. ThenB has the
WEP if and only if, for any pair of finite-dimensional operator spacesX,Y and for
every linear mapu : X→ Y that factors throughB, we have

γ (u)= inf
{‖w‖cb‖v‖cb

}
,

where the infimum in the right-hand side runs over allX
v−→ B

w−→ Y such that
u= wv. According to [6, Theorem 7.7], this property holds ifB has the WEP.

Let us prove the converse. We give ourselves a Hilbert spaceH such thatB is
contained inB(H) as aC∗-algebra. We consider the netI of pairs(X,Y ), whereX
is a finite-dimensional subspace ofB andY is a finite-dimensional quotient space of
B. (Equivalently, by (1.3),Y ∗ is a finite-dimensional subspace ofB∗.) The canonical
order is given by(X0,Y0) ≤ (X1,Y1) if and only if X0 ⊂ X1 andY ∗

0 ⊂ Y ∗
1 . Given

such a pairi = (X,Y ) ∈ I , we denote byji : X → B the inclusion map and by
qi : B → Y the quotient map. According to our assumption, there exist a factorization
qiji = βiαi , withX

αi−→Mni

βi−→ Y , such that‖αi‖cb≤ 1 and‖βi‖cb≤ 1+dim(Y )−1.
Using Wittstock’s extension theorem (see [33]), we can extendαi to a complete
contractionα̂i : B(H)→Mni . Now letM = �∞{I ;Mni } be theC∗-algebraic direct
sum of theMni ’s; then we obtain a complete contractionW : B(H)→M by letting
W(b)= (α̂i(b))i∈I . Let� be an ultrafilter refining the canonical order onI . We can
define a complete contractionT : B∗ →M∗ by letting〈

T (f ),(zi)i∈I
〉 = lim

i=(X,Y )∈�,f∈Y ∗
〈
β∗
i (f ),zi

〉
,

for anyf ∈ B∗ and any(zi)i∈I ∈M = �∞{I ;Mni }. By construction, we obviously
have

∀b ∈ B,f ∈ B∗, 〈f,b〉 = 〈
T (f ),W(b)

〉
.

This shows that(W/B)∗T equals the identity onB∗. Consequently,T ∗W ∗∗ : B(H)∗∗
→ B∗∗ is a projection fromB(H)∗∗ onto its sub-C∗-algebraB∗∗. SinceT ∗W ∗∗ is a
complete contraction, we deduce fromTomiyama’s theorem thatT ∗W ∗∗ is completely
positive. Restricting toB(H), we obtain thatT ∗W : B(H) → B∗∗ is a completely
positive contraction whose restriction toB is the canonical inclusion ofB into B∗∗.
This yields the assertion thatB has the WEP.
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We now turn to an application of Proposition 3.3 to the theory of completely
integral maps on operator spaces. We briefly recall the relevant definitions, which
were introduced in [9], [10]. LetX,Y be two operator spaces and letT : X → Y

be a completely bounded map. We let? : X∗ �⊗ Y → CB(X,Y ) be the contractive
mapping extending the canonical embeddingX∗ ⊗Y ⊂ CB(X,Y ). ThenT is said to
be completely nuclear if it lies in the range of?, and its completely nuclear norm
ν◦(T ) is defined as the quotient norm ofT in (X∗ �⊗ Y )/ker?. Next,T is said to be
completely integral if it is the point-norm limit of a bounded net(Ti)i of completely
nuclear maps fromX into Y , and its completely integral normι◦(T ) is defined as the
infimum of supi{ν◦(Ti)} over all such possible nets. Lastly,T is said to be completely
1-summing if there is a constantC > 0 such that for anyn≥ 1,∥∥ISn1 ⊗T : Sn1 ⊗minX −→ Sn1

�⊗ Y
∥∥ ≤ C.(3.7)

In that case, its completely 1-summing normπ◦
1(T ) is defined as the smallestC

satisfying (3.7). The space of all completely nuclear maps (resp., completely integral
maps, resp., completely 1-summing maps) fromX into Y is denoted byN(X,Y )
(resp.,I (X,Y ), resp.,B1(X,Y )). In general, the following contractive inclusions
hold:

N(X,Y )⊂ I (X,Y )⊂B1(X,Y ).

We refer the reader to [9], [10], [14], [30] for these inclusions and more information
on this topic.

Corollary 3.7. Let A and B be twoC∗-algebras and assume thatB has the
WEP. ThenI (B,A)=B1(B,A), and for any completely1-summingT : B → A,

π◦
1(T )= i◦(T ).

Proof. Let T : B → A be completely 1-summing. Given two arbitrary finite fam-
ilies (bk)1≤k≤N in B and(ϕk)1≤k≤N in A∗, we check that∣∣∣∣∣

N∑
k=1

〈
T (bk),ϕk

〉∣∣∣∣∣ ≤ π◦
1(T )

∥∥∥∥∥
N∑
k=1

ϕk⊗bk
∥∥∥∥∥
A∗⊗minB

.(3.8)

By [10] (see also [6, Corollary 4.3]), this shows thatT is completely integral with
i◦(T )≤ π◦

1(T ), which yields the result.
We may assume that‖∑

ϕk⊗bk‖A∗⊗minB < 1. By (1.1), the linear mapu : A→
B associated to

∑
ϕk ⊗ bk satisfies‖u‖cb = ‖∑

ϕk ⊗ bk‖A∗⊗minB , and hence by
Proposition 3.3, we haveγ (u) < 1. Hence there exists a factorizationu = βα, for
someα : A→Mn, β : Mn → B satisfying‖α‖cb‖β‖cb< 1. Then we have∣∣∣∣∣

N∑
k=1

〈
T (bk),ϕk

〉∣∣∣∣∣ ≤ ∣∣ tr(T u)∣∣ = ∣∣ tr(Tβα)∣∣ = ∣∣ tr(αTβ)∣∣.
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Let z ∈ Sn1 ⊗B representβ. Then the tensor(ISn1 ⊗T )(z) represents the operatorTβ
from which, by (3.7), we get∣∣∣∣∣

N∑
k=1

〈
T (bk),ϕk

〉∣∣∣∣∣ ≤ ‖α‖cb
∥∥(
ISn1

⊗T )
(z)

∥∥
Sn1

�⊗A

≤ ‖α‖cbπ◦
1(T )‖z‖Sn1⊗minB = ‖α‖cbπ◦

1(T )‖β‖cb
< π◦

1(T ).

This proves (3.8) and concludes the proof.

Remark 3.8. Let B be a nuclearC∗-algebra. Then for any operator spaceY , any
finite rank operatoru : Y → B satisfies‖u‖cb = γ (u) (see, e.g., [29, Section 6.3]).
Hence the proof of Corollary 3.7 actually yields

for any operator spaceY , I (B,Y )=B1(B,Y ) isometrically.(3.9)

Let us now focus on the (nuclear)C∗-algebra�. Recall thatS1 = �∗ completely
isometrically. We observe that for anyY , we haveN(�,Y ) = I (�,Y ) isometri-
cally. Indeed, letj : Y → Y ∗∗ be the canonical inclusion map; then the mapping
T �→ jT induces an isometric embedding ofI (�,Y ) into (�⊗minY

∗)∗ by [6, Corol-
lary 4.3]. According to [7, Proposition 4.1], we have(� ⊗min Y

∗)∗ = S1
�⊗ Y ∗∗

whenceI (�,Y ) = S1
�⊗ Y or, equivalently,I (�,Y ) = N(�,Y ). Putting together

with (3.9), we obtain that

for any operator spaceY , N(�,Y )=B1(�,Y ) isometrically.

It should be interesting to characterize the operator spacesX satisfyingN(X,Y ) =
B1(X,Y ) for anyY . We refer to [19] for the corresponding problem in Banach space
theory.
We can however mention here a related result. LetB be anyC∗-algebra; then

B is nuclear⇐⇒N(B,Y )=B1(B,Y ) isometrically for any finite-dimensionalY.

Indeed, assume thatB is nuclear; then it is locally reflexive (see [5]). Hence for
any finite-dimensional operator spaceY , we haveN(B,Y )= I (B,Y ) by [10, Theo-
rem 3.6], from which we get the result by (3.9). Conversely, assume thatN(B,Y )=
B1(B,Y ) for any finite-dimensionalY . Recall thatN(B,Y ) = B∗ �⊗ Y for any
finite-dimensionalY . Note also that if we consider two arbitrary (possibly infinite-
dimensional) operator spacesY,Z such thatZ ⊂ Y completely isometrically, then
we getB1(B,Z)⊂B1(B,Y ) isometrically. We thus deduce that for anyZ ⊂ Y , we
haveB∗ �⊗ Z ⊂ B∗ �⊗ Y isometrically. Indeed, it is easy to reduce to the case where
Y andZ are finite dimensional. By the duality relation (1.2), we can deduce thatB∗∗
is injective (see [14, Remark 3.5.2] for details). By [3], this yields the result thatB is
nuclear.
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We end this section with an easy consequence of Theorem 2.1, in terms of fac-
torization through finite-dimensional exact operator spaces (in the sense of [26]). It
should be compared with [29, Theorem 6.4.11].

Corollary 3.9. LetA be aC∗-algebra and letF be an operator space. Then for
any finite rank linear mapu : A→ F , and for anyε > 0, there exist, for somen≥ 1,
a subspaceG⊂Mn and two linear mapsα : A→G, β : G→ F , such thatu= βα

and‖α‖cb‖β‖cb≤ (1+ε)‖u‖cb.
Proof. Let J : F → B(H) be a complete isometry. Then by Theorem 2.1, we

obtain a factorizationJu = β1α1, with A
α1−→ Mn

β1−→ B(H) and‖α1‖cb‖β1‖cb ≤
(1+ε)‖u‖cb. Now takeG= α1(A), let α be induced byα1, and letβ be the restric-
tion ofβ1 toG. Thenβ1 is valued inF , from which we get the result in Corollary 3.9.

We observe that the latter result may also be viewed as a consequence of [6,
Section 5]. Indeed, it can be obtained as a simple combination of Lemma 5.2, Theo-
rem 5.5, and the duality formula (5.8) in [6].

4. On finite rank operators defined on spaces of Hankel operators.In this
section we are concerned with either scalar or vectorial Hankel operators, with re-
spect to a fixed orthonormal basis(ei)i≥1 of �2. We use well-known descriptions of
such operators ([20], [21] and [29, Section 8.1]), which require some background on
function spaces.
We letT = {z ∈ C : |z| = 1} be the scalar unitary group, equipped with its nor-

malized Haar measure. For anyp ∈ [1,+∞] and any Banach spaceX, we de-
note byLp(X) the Lebesgue-Bochner spaceLp(T;X) of all measurable andp-
integrable functions fromT into X. Given anyf ∈ Lp(X) and anyn ∈ Z, we let
f̂ (n)= ∫

T f (ξ)ξ
−ndξ denote thenth Fourier coefficient off . Next we can introduce

the corresponding Hardy space

Hp(X)=
{
f ∈ Lp(X) : ∀n < 0, f̂ (n)= 0

}
.

For convenience, thescalar-valuedspacesLp(C) andHp(C) are simply denoted by
Lp andHp, respectively.
Recall thatL1 can be canonically regarded as an operator space since it is the

predual of the von Neumann algebraL∞. If X is an operator space, thenL1(X) is
regarded as the operator spaceL1

�⊗X. Similarly,H1(X) is regarded as the operator
space defined by the inclusionH1(X)⊂ L1(X). See [30, Section 2] for more details
about this.
By definition, we say thatT ∈ B(�2) is a Hankel operator if there exists a scalar

sequence(aq)q≥1 such thattij = ai+j for any i,j ≥ 1, where(tij )i,j≥1 is the matrix
of T defined bytij = 〈T (ej ),ei〉. We denote by

Ha ⊂ B(�2)
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the operator space formed by all Hankel operators. It follows from classical theorems
of Nehari [20] and Page [21] that

Ha = L∞
H∞

completely isometrically,(4.1)

when the latter is equipped with the quotient operator space structure. Indeed, for
any f ∈ L∞, there is a (unique)T = Tf ∈ Ha whose matrix is given bytij =
f̂ (1− i−j) for anyi,j ≥ 1, and the resulting mappingf �→ Tf induces an isometry
from L∞/H∞ ontoHa (refer to [20]). The fact that this isometry is a complete one,
which means thatMn(Ha)=Mn(L∞)/Mn(H∞) isometrically for alln≥ 1, is just a
reformulation of the finite-dimensional vectorial version of Nehari’s theorem due to
Page [21].
We now turn to general vectorial Hankel operators. LetH be a Hilbert space. To any

T ∈ B(�2(H)), one can associate a matrix(Tij )i,j≥1 with entries inB(H) defined, for
anyh,k in H , by 〈Tij (k),h〉 = 〈T (ej ⊗k),ei⊗h〉. Then we say thatT ∈ B(�2(H))
is aB(H)-valued Hankel operator if there exists a sequence(Aq)q≥1 ⊂ B(H) such
thatTij = Ai+j for any i,j ≥ 1. Now letR ⊂ B(H) be a von Neumann algebra on
H . If T is aB(H)-valued Hankel operator whose “coefficients”Aq belong toR, we
say thatT is anR-valued Hankel operator. The operator space ofR-valued Hankel
operators is denoted by

Ha(R)⊂ B
(
�2(H)

)
.

Taking into account the classical dualityH ∗
1 = L∞/H∞ and the complete isometry

(4.1), we may state the following lemma, which is a reformulation of some results
from [12], which, in turn, rely on Parrot’s approach to Nehari’s theorem [22].

Lemma 4.1. LetR be any von Neumann algebra. Then

(i) H1(R∗)=H1
�⊗ R∗ isometrically;

(ii) (H1(R∗))∗ =Ha(R) isometrically.

Proof. We let H be a Hilbert space. Recall that we haveL1(S1(H)) = L1
�⊗

S1(H). Moreover, for any operator spaceE, and any subspaceF ⊂ E, the canonical

embeddingF
�⊗ S1(H) ⊂ E

�⊗ S1(H) is isometric (see, e.g., [30, Corollary 1.2]).
With E = L1 andF =H1, we derive

H1
(
S1(H)

) =H1
�⊗ S1(H).(4.2)

Let R ⊂ B(H) and letq : S1(H) → R∗ be the quotient mapping defined as the
preadjoint map of the canonical embeddingR → B(H). Let R⊥ = kerq be the
preannihilator ofR into S1(H). Then, according to (1.3), we have the completely
isometric identification

S1(H)

R⊥
= R∗,

if S1(H)/R⊥ is endowed with the quotient operator space structure. It therefore
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follows from the functorial properties of
�⊗ and (4.2) thatIH1 ⊗q : H1⊗S1(H) →

H1⊗R∗ extends to a quotient mapping fromH1(S1(H)) ontoH1
�⊗ R∗. By [12,

Theorem 2.2], this yields (i). Furthermore, it follows from above and the proof of

Theorem 2.2 in [12] that(H1
�⊗ R∗)∗ =Ha(R), from which we get (ii).

Theorem 4.2. LetR be a von Neumann algebra and letH be a Hilbert space.

(i) We haveH1(R∗)
δ⊗ B(H)=H1(R∗)⊗minB(H) isometrically.

(ii) For any finite rank bounded operatoru : Ha(R)→ B(H), there exist a net of
finite rank operatorsui : Ha(R)→ B(H) such thatγ (ui)≤ ‖u‖cb for all i, and

∀y ∈Ha(R), ‖ui(y)−u(y)‖ −→ 0.

Remark 4.3. The second point in Theorem 4.2 is equivalent to saying that given
a von Neumann algebraR, any finite rank bounded operator defined onHa(R) is
exact (see [29, Section 6.4] or [14, 3.1.3.5] for the definition). This result had been
previously obtained (by a different method) by Junge in thescalarcase (i.e.,R = C)
in [14, Proposition 3.5.9].

Proof of Theorem 4.2.Wegive ourselves aHilbert space� aswell as a completely
contractive mapσ : H1(R∗)→ B(�) and a∗-representationπ : B(H)→ B(�). We
assume thatσ andπ have commuting ranges and letM = π(B(H))′. We thus have
σ ∈ CB(H1(R∗),M), with ‖σ‖cb≤ 1. We claim that

there existŝσ ∈ CB(L1(R∗),M) such that‖σ̂‖cb≤ 1 andσ̂/H1(R∗) = σ.(4.3)

Indeed, we have the following isometric identifications:

CB
(
H1(R∗),M

) = (
H1(R∗)

�⊗M∗
)∗ by (1.2),

= ((
H1

�⊗ R∗
) �⊗M∗

)∗ by Lemma 4.1(i),

= (
H1

�⊗ (
R⊗M)

∗
)∗ by [7, Theorem 3.2],

= (
H1

((
R⊗M)

∗
))∗ by Lemma 4.1(i) again;

similarly,CB(L1(R∗),M)= (L1((R⊗M)∗))∗. SinceH1((R⊗M)∗)⊂ L1((R⊗M)∗)
isometrically, our claim (4.3) simply follows fromHahn-Banach.We lety ∈H1(R∗)⊗
B(H) and we denote bŷy ∈ L1(R∗)⊗B(H) its image obtained by canonical embed-
ding. Then, according to (4.3), we have

‖σ ·π(y)‖ = ‖σ̂ ·π( ŷ )‖ ≤ δ( ŷ ).
Taking the supremum over commuting pairs (σ,π ), we obtainδ(y) ≤ δ( ŷ ). Now
observe that sinceL1(R∗) is the predual of the von Neumann algebraL∞⊗R,
we haveδ( ŷ ) = ‖ŷ‖L1(R∗)⊗minB(H) by Theorem 2.1 (see also Remark 2.5). Since
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H1(R∗)⊗min B(H) ⊂ L1(R∗)⊗min B(H) isometrically, we finally obtainδ(y) ≤
‖y‖H1(R∗)⊗minB(H). The converse inequality is obvious, and hence this concludes the
proof of (i).
We now prove (ii). We use the property that the operator spaceH1(R∗) is locally

reflexive. This claim can be justified as follows. First, any subspace of a locally
reflexive operator space is locally reflexive itself (see [10] or use Lemma 2.9). Second,
L1(R∗) is locally reflexive because its dual spaceL∞⊗R is a von Neumann algebra
(see [6]; see also Theorem 2.10). We letu : Ha(R)→ B(H) be a finite rank bounded
operator. By Lemma 4.1(ii), we can regardu as an element ofH1(R∗)∗∗ ⊗B(H). By
Lemma 2.8 and the local reflexivity ofH1(R∗), the norm ofu inside(H1(R∗)⊗min

B(H))∗∗ is ≤ ‖u‖cb. By Goldstine’s lemma, we may thus find a netui : Ha(R)→
B(H) of finite rank operators such that‖ui‖cb≤ ‖u‖cb, ui −→ u in thew∗-topology
of (H1(R∗)⊗minB(H))

∗∗, and eachui is represented by an element ofH1(R∗)⊗
B(H) (equivalently, eachui isw∗-continuous). In particular,ui(y)−→ u(y) weakly
in B(H) for any y ∈ Ha(R). By a standard convexity argument, we can actually
assume that‖ui(y)−u(y)‖ −→ 0 for anyy ∈ Ha(R). Combining part (i) proved
above and Theorem 2.3(ii), we see thatγ (ui) ≤ ‖ui‖cb, from which we getγ (ui) ≤
‖u‖cb.

Remark 4.4. Let C = C(T) ⊂ L∞ be the space of all continuous functions from
T into C, and letA = C∩H∞ ⊂ C be the so-called disc algebra. Then, taking into
account the classical identityH1 = (C/A)∗, it follows from Theorem 4.2(i) that for
any finite rank bounded operatoru : C/A→ B(H), we have‖u‖cb= γ (u).
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