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THE ANALYTIC RANK OF Jo(g) AND ZEROS
OF AUTOMORPHICL-FUNCTIONS

E. KOWALSKI anp P. MICHEL

1. Introduction. This paper is motivated by the conjecture of Birch and
Swinnerton-Dyer relating the rank of the Mordell-Weil group of an abelian vari-
ety defined over a number field with (in its crudest form) the order of vanishing of
its Hasse-WeilL-function at the central critical point. Mestre [Mes] began the study
of the implications of this conjecture towards providing upper bounds for the rank.
He used “explicit formulae” similar to that of Riemann-Weil and assumed the ana-
lytic continuation and (perhaps more significantly) the Riemann hypothesis for those
L-functions.

Brumer [Br1] first studied the special case of the Jacobian vavety) of the
modular curveXp(g). This is an abelian variety defined ov@rof dimension about
q/12. Here analytic continuation is known, by the work of Eichler and Shimura [Sh1].
Assuming only the Riemann hypothesis for fhidunctions of automorphic forms (of
weight 2 and leve§), Brumer proved

3 .
ranka Jo(q) < <§ +o(1)> dimJo(g)
and conjectured that

1
rankJo(g) = ranka Jo(q) ~ > dim Jo(q)

(based on the fact that the sign of the functional equation for the automakphic
functions of weight 2 and leve} is approximately half the time-1 and half the
time —1).

Other authors, notably Murty [Mur] (who first applied the Petersson formula in
this context), considered the same problem. Most recently, Luo, Iwaniec, and Sar-
nak [LIS], using the same assumptions, proved an estimate

ranks Jo(q) < (c+o(1)) dimJo(q)

for some (explicit) constant < 1. This turns out to be quite significant in light of the
general conjectures of Katz and Sarnak [KaS] on the distribution of zeros of families
of L-functions.
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504 KOWALSKI AND MICHEL

This paper approaches the same problem with a different emphasis: we wish to
avoid all assumptions about the-functions involved and obtain a bound of the
correct order of magnitude. Indeed, we prove the following theorem.

THEOREM 1. There exists an absolute and effective constant 0 such that for
any prime numbey,
ranky Jo(g) < CdimJo(q).

If the Birch and Swinnerton-Dyer conjecture holds #Kg), then
rankJo(g) < CdimJo(q).

This theorem provides the first known unconditional bound for the analytic rank
of a family of L-functions that is of the correct order of magnitude, without using the
generalized Riemann hypothesis. We were inspired by the unconditional bounds for
the analytic rank of twists of elliptic curves obtained by Perelli and Pomykala [PeP].

No remotely comparable upper bound for ralgkg) seems to be accessible by
algebraic means today.

The starting point of this work is the factorization of the Hasse-Weil zeta function
of Jo(g) due to Eichler and Shimura [Sh1] (completed by Carayol at the bad primes):

L(Jo(q).s)= T[] L(f,s-l—%) (1)

feSaq)*

where f ranges over the finite s&b(g)* of primitive forms (newforms)/’ of weight
2 and levelg, andL( f, s) is the corresponding Hecke-function normalized so that
the critical line is Rés) = 1/2.

Hence the order of vanishing of tHefunction of Jo(¢) ats = 1/2 is the sum of
the order of vanishing of the HecKefunctions ats = 1/2,

ranka Jo(g) = Y ordi—12L(f,5),
feSa(q)*
and if the Birch and Swinnerton-Dyer conjecture holds, then
rankJo(q) = Y orde—1/2L(f.s).
feSa(q)*
Thus our main theorem is equivalent with the following theorem.

THEOREM 2. There exists an absolute and effective constant 0 such that for
any prime numbeg, we have

Z ordy—1/2 L(f,s) < C|S2(q)*|.
feSa(g)*
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The strategy that we use is based on the explicit formula, except that a much tighter
control of the possible zeros outside the critical line is required. This is obtained by
means of the density Theorem 4 for zeros of automorpHignctions with imaginary
parts as close as/llogq), which is the crucial scale in this problem. This density
theorem is similar to one proved by Selberg [Sel] for Dirichlet characters and is based
on the study of a mollified second moment of values of theinctions close to the
critical line (see below for details).

This proofis carried out in Sections 4 and 5 after some important preliminary results
in Section 3. While we were working on this result, it was suggested to us by lwaniec
that the fundamental estimate in the proof of Theorem 1 (for a mollified second
moment of values of thé.-functions) can also be adapted to prawenvanishing
results for the special valuds( f, 1/2), analogous to part of [IS]. Specifically, this
yields the following theorem.

THEOREM 3. For anye > 0and anyg prime large enough (in terms ej, we have

L(r3) %0} = (5 Isztar

In [KM3], the case of the special values of the derivativésf, 1/2), for forms
with L(f,1/2) = 0, is treated by the same method. We refer to this paper for some
more details.

Duke [Du] proved that the number of formswith L(f,1/2) £ 0 was at least a
positive multiple ofg/(logg)2. Independently, Vanderkam [V] proved that there is a
positive proportion (although with smaller constant) of forms wiity, 1/2) # 0.

This provides a lower bound for the dimension of the winding quotient of Merel
[Me]. In particular, the work of Kolyvagin and Logachev [KoLo] implies that there
is a quotient of/o(q) defined ovelQ with finite Mordell-Weil group and dimension
greater than or equal td/6+0(1)) dim Jo(q).

The work of lwaniec and Sarnak [IS] contains, among many other results for
various families ofL-functions, a proof of the much more difficult fact that6l
can be replaced by/&. Moreover, ¥4 is the natural barrier in this problem in the
sense (the original motivation of [IS]) that any constant greater thdr(\ith some
additional lower bound ot.( f, 1/2), which is proved in [IS] to hold for 24) would
prove that Landau-Siegel zeros do not exist for Dirichlefunctions of quadratic
characters or, equivalently, provide an effective lower bound for class numbers of
imaginary quadratic fields

Hf € S2(q)”

VD
(logD)?

h(Q(v/=D)) >

for D > 0.

AcknowledgementsThe first version of this paper, [KM1] and [KM2], was com-
pleted almost two years ago. The current text is based on [K]. Some density theorems
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of independent interest that were originally part of [KM2] will be published sepa-
rately.

More recently, much progress has been made in the direction of upper bounds for
ranks Jo(g). First, a possible value of the const&htan actually be computed. Using
the methods of this paper, with some improvements to obtain a better result, it is
shown in [KM4] that we can tak€ = 6.5.

Also, a very recent work, in collaboration with J. Vanderkam [KMV1], based on
different techniques and more sophisticated arguments, has showhthat1 8191 is
attainable. Observe that this is better than Brumer’s original bound using the Riemann
hypothesis.

We wish to thank E. Fouvry for numerous discussions and suggestions, and partic-
ularly H. lwaniec for also showing us some of his preliminary notes for [IS].

2. Notation and preliminaries. Throughout this paper, unless otherwise speci-
fied, g is a fixed (large) prime.

Let S2(q) (resp.,S2(¢g)*) be the space (resp., the finite set) of holomorphic weight-2
cusp forms of level (resp., primitive weight-2 forms of level). Recall (from [Sh1,
Section 1]) that

dim z(q) = dimJo(g) = [S2()*| ~ 75,
the last equality because, 851) = 0, there are no old forms of leveland weight 2
(we use here that is prime).

We now list notations and facts that will be used extensively in the sequel. Let
f € S2(9)* be given. We write\ ¢ (n) for its Hecke eigenvalues, which also give the
Fourier expansion of at infinity:

f@ =) _n"2rrmemz), withap(1) =1, Ay(n) €R. )
n>1

Deligne’s bound (in the particular case of weight 2, this is due to Eichler-Shimura
[Sh1]) for the coefficients of holomorphic cusp forms takes the form

[ p ()] < z(n). ®3)

Recall also that the Heckie-function of a primitive formf is defined by

L(f.s) = dpmn™ =] (@A=ar(pp™ +eg()p~2) " (4)

n>1 P

It satisfies the following functional equation: let

s 1
A(f,s) = (g—j) r (s-i—E)L(f,s);
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then

A(f,S)ZSfA(f,l—S) (5)

wheree s, the sign of the functional equation, 4s1. For this and other basic facts
about Hecke -functions, see, for instance, [l].

The Euler product representation is equivalent with the following multiplicativity
property of the coefficients ;(n): for any integers: > 1,m > 1,

hpmigmy= Y ey(dhy (’ZI—'Z) (6)
d|(n,m)

In particular,n — Ay (n) is multiplicative and\ ¢ (8m) = A ¢(8)Ay(m) if 6 | g. By
Mdbius inversion, (6) yields another useful formula,

hpamy= 3 eq(du(d)ry (g))\f (%) )

d|(n,m)
If pis aprime# g, we write 1—xf(p)X+X2 =1-a,X)(1-,X), s0

df(p)=ap+Bp. (8)

The bound (3) is equivalent (for coprime with the level) with the assertion that
loe,| = 1 for all p # q. For p = g, the p-factor of L(f, s) is of degree at most 1, and
we leta;, = Ar(p), which is shown to be of modulus at most 1 (actually, smaller),
andg, =0.

In addition, we require the Dirichlet series expansion for the logarithmic derivative
of L(f,s). From the Euler product, using the factorization of the local factors, it
follows that

L _
— ()= > by Amn 9)
n>1
with coefficients given by
0, if n is not a power of a prime,
brmy=1" . P P (10)
o+, ifn=pm".
We introduce the notation
1
wf=—"— 11
T an(f ) ()
where(-, -) denotes the Petersson inner productSe),
——dxdy
(f. 8 :/ f(2)g(2) —
To(@)\H y
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for any nonzero cusp fornf € S2(g) (we call this theharmonic weight and define
the summation symboIh by

Zhaf = Z a)foef

feSag)* feSag)*

for any family (« ) of complex numbers. It turns out thayf, /) is of size about
Vol Xo(g), and so about dinfy(g); this behaves asymptotically like a probability
measure, that is, we have

> M~

feSag)*

asgq tends to infinity. This weight is fundamental to our work because of the following
formula due to Petersson (see [I] for instance), which expresses the so-galled
symbol,

Am,n)y= > Fapm)rsn),

feSa(q)*
in a very convenient way for further analytical manipulations:

()

C

A(m,n) =8(m,n)—2r Zc_lS(m,n; c)J1
glc

whereJy is the Bessel function an§i(m, n; ¢) is a classical Kloosterman sum. Using
the estimates

’S(m,n;c)’ < (o) (m,n, )Y/, Jilx) < x

(the first being Weil's bound for Kloosterman sums [Wei], the second being elemen-
tary), we derive

A(m,n)=38(m,n)+ O((m, n, q)(log(m, n))z(mn)l/zq_?’/z). (12)

We do not need any better bounds in this work (compare [KM3] and [IS] for cases
where a more precise analysis with the Kloosterman sums is needed).

3. From harmonic average to natural average, |

3.1. Averages.We deal quite extensively with sums ovge S2(¢)*. The follow-
ing notation is designed to emphasize the underlying structure. We usually assume that
afamilya = (ay) of complex numbers is given, wheyeruns over allf € S>(¢)* for
all levelsg (or sometimes restricted to square-free or prime levels). We then introduce
the natural averaging operator

Ala] = Z af

feSa(g)*
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where we only sum over forms of a fixed level and consider the behavidfodfas
a function of the leve asymptotically ag gets large.
Similarly, we define thédnarmonicaveraging operator

Ah[oc] = Zhaf.

feSa)*

Suppose we have a famity = (« r) of complex numbers for alf € S»(¢)* with
prime levelg, and we know the behavior of the weighted sum

Ah[a] = Zhaf

fesa(g)*

(for instance, we have an asymptotic formula fogoing to infinity) but wish to
obtain the same information for the natural sum

Ala] = Z ay.

feSag)*

Since, by Petersson’s formula (12) for=n = 1, A"[1] = 1+ 0(¢—3/?), we
expect that wher is well distributed and not biased against the Petersson inner
product, we should have

Ala] ~ dimJo(g) A" [a],

meaning thato; anda s act here as independent random variables would.

In this section, we build a method (suggested to us by Iwaniec) to approach this
problem and prove a result that solves part of the problem for quite general vectors
This reduces to another estimate, which has to be supplied independently in each case.

3.2. The symmetric squareThe harmonic weighb r, which is required to express
the A-symbol of the modular forms by Petersson’s formula, is related to the special
value of the symmetric squate-function ats = 1, which is the edge of the critical
strip (in our “analytic” normalization). This is essentially due to Shimura [Sh2].

The symmetric squaré-function of f is the Dirichlet series.(Syn? f,s) de-
fined by

L(Sym2 fr5) =284(25) Zkf(nz)n_s (13)

n>1

whereg, is the Riemann zeta function with the Euler factoyaemoved. We write
p s (n) for the coefficients of this Dirichlet series. The relation we seek is given by the
following formula:
dim J
dn(f. f) = “—20)(") L(Syn? £.1) + 0((ogg)?) (14)
(uniformly in f as the prime; tends to infinity; for a proof see [K]).
The following lemma summarizes some properties of the coefficients).
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LemMA 1. For anyn > 1, we have

prmy= " eg(m)s(£?), (15)
tm2=n

rp(n®) =" umeg(m)py(0), (16)
tm?=n

and, in particular,pr(n) = Ay (n?) for n square-free. Moreover, (Syn? f, s) has an
Euler product expansion of degree 3,

L(Ser12 f,s) = l_[ (1—oc§p75)71(1—pfS)fl(l—a;zpﬂ)fll—[(l—af,p*s)fl
(r.q)=1 plg

whereq,, is as in (8). Finally, for all» > 1, we have

lps(m)] < T (17)

The last estimate is proved using Deligne’s bouig(n)| < t(n) and the Euler
product.

Lemma 2. For all g prime and all f € S2(q)*, we have
L(Syn? f,1) <« (logq)?, (18)
L(Syn? £,1) > (logg)~*. (19)
The implied constants are absolute in both cases.

The (deeper) lower bound is the main result of [GHL]. The fact th& prime
ensures thaf is not a monomial form, as such a form (o¥@)y cannot have square-
free conductor. The upper bound is much easier and well known (see [K, Lemma 2],
for instance). In particular, we have uniformly fgre Sa(q)*,

lo
wr K %. (20)

We require a property adlmost orthogonalityf the coefficients of the symmetric
squareL-functions of the formsf € S»(¢)*. It is implicitly contained in the second
part of [DK], where it was developed for other applications.

ProposITION 1. Letg > 1 be any square-free integer, and I8t > ¢° be a real
number. The inequality

2

feSa(q)*

holds for any finite familya,)1<,<n 0of complex numbers, with an absolute implied
constant.

2

< N(logN)*® Y |a,|? (21)
n<N

> anpy(n)

n<N
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We deduce the following corollary.

CorOLLARY 1. Let N > ¢° be a real number and Igu(n)),~y be any complex
numbers that satisfy

A
a(n) < M

for some constand > 0. There exists a constaiit = D(A) > 0 such that

Z Z a(n)kf(nz)

< (logN)?
feSag)* In~N

(with an absolute implied constant).

Proof. The point is that the assumption on thie means that we are essentially
on the line Rés) = 1 (or beyond), and in this region the symmetric square behaves

as the series
Z)”f (nz)n_s.
n>1
In exacting details, we have from (15) that

2

2

fesa(g)*

Z am)Af (nz)

n~N

2

fesa(g)*

DY umegmps(0)a(n)

n~N ¢m?=n

2

2

> pr®ac)

L<2N

2

feSag)*

2

VN/l<m< /2N /¢
Now we derive from the assumption a bound

where

ac) = [ (m)eg (m)a(em?).

a(t) < (No)~Y2(loge)P

(for someD > 0, with an absolute implied constant) and, hence, the result on applying
the mean-value estimate of Proposition 1 to the coeffici@tts O

3.3. Removing the harmonic weightVe assume that = (« ) satisfies the con-
ditions

A'[lay|] < (logg)*  (for some absolutet > 0), (22)
Max |wsar| < g™ (for somes > 0), (23)
feSag)*

as the level; (prime) tends to infinity.
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Remark. Neither condition is very restrictive in practice. The first one is interpreted
as saying thata s| is “almost” bounded, and this can often be achieved by some
normalization. If this is true, the second condition is fairly reasonable, since we have
shown in (20) thatv; < (logg)g 1. In other words, by normalizing if necessary,
both conditions can be expected to hold whenever the sizg dbes not increase or
oscillate wildly.

We write the unweighted average as a weighted one and replace the Petersson inner
product by the special value of the symmetric square (14):

Alal= > Max(f, fray
feSa(g)*
_dimJo(q)

2

(24)
> L(Syn? £, 1)a s+ O((logq) A [les]).

feSa(g)*

We wish to replace the value of the symmetric square by a partial sum of the
Dirichlet series. This can be done by a long enough sum, say, of lengthen the
sum above is essentially a finite sum of averages ovew théwisted by symmetric
square coefficients s (n):

1
Z ;Ah[,of(n)otf].

n<xy

If, by any chance, the methods that give us control over the avetége;] (cor-
responding to: = 1) also apply to the twisted on@s the rangen < y, then we are
done. Unfortunately, in applications this is only the case for very small values of
say,y = ¢° for very smalls§ > 0. On the Riemann hypothesis (more precisely, the
Lindelof hypothesis suffices for this purpose), we can recovel tfienction from
such a short sum; but individually we can only do this witmuch larger ¢ = ¢ or
maybey = ¢) and indeed too large for our applications.

However, we can exploit the average ovelinvolved by using the mean value
estimate of Proposition 1. The fact that this requires also a long sumismot a
problem here because we are looking at the symmetric square at a point on the edge
of the critical strip where the Dirichlet series almost converges absolutely. Then the
extra length needed to enter the effective range foir the mean-value estimate does
not matter, much as the partial sums

2t
n<gq®

of the harmonic series are of the same sizg &nds to infinity for any fixed > 0.
Now we implement this idea. Let = (ay) res,(q)+ be given for allg prime,
satisfying the conditions (22) and (23). Since the conductor ofSffor f € S2(¢)*
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is ¢2, the functional equation and the usual estimates give the approximation
L(Syn? £,1) =w;(»)+0(¢%y71) (25)
(with an absolute implied constant), where

wr(y) =Y prmnt

n<y

We assume log = O(logg), say,y < ¢°.
Now letx < y be given. The partial sum is further decomposed as

wr(y)=wrx)+wr(x,y)

where
wr(,y)= Y prmnt.

x<n<y
We consider here the weighted average built with the tail, namely,
Ah[a)f(x, y)otf] = Zha)f(x, y)ag.
feSa(g)*

We use Holder’s inequality to separate (x, y) anda . The former is handled by
the following lemma.

LemMA 3. Letr > 1 be an integer such that” > ¢1. There exists a positive
constantC = C(r) > 0 such that
Alos(x,»)?] < (logg)©

where the implied constant is absolute.

The proof starts with some other lemmas. We say that an integesquare-full
if for any prime p dividing n, p? dividesn; in other words, for allp dividing n, the
valuation ofp in n is at least 2. Notice that

Z nfszl_[(1+p72s+p73s+._.)’
n square-full )4
which converges absolutely for B¢ > 1/2, and hence we have

Y ot M? (26)

n square-full
n>z

with an absolute implied constant.
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LEMMA 4. For any integer- > 1 and anyf € S»(¢)*, we can write

c(m,n)
wr(x,y) = Z kf'(mz)— (27)
mn
x"<mn<y”
with ¢(m, n) = 0 unless n can be written
n=dny, Withd|m, ny square-full, (28)

and there existy = y (r) > 0 such that
lc(m,n)| < t(mn)?.
Moreover, the coefficientsdepend omr, x, andy, but not on the forny.
Proof. We proceed by induction on Forr = 1, by (15) we write

1
wr(x,y) = Z - Z £q ()1 5 (€7)

x<n<y  dm2=n

gq,(m)
= Z )\,f(ez) Zmz N

x<tm?<y

so we can take(¢, m) = 0 unlessn is square and(¢, m?) = gq(m).
Assume that (27) holds for someands as claimed, with coefficients(for ) and
¢’ (for s). Then

c(ma, ny)c’(mz,np)
oGy = )0 hp(m)as(m)) =

x"<miny <y"
x5 <mona<y*

2.2
_ Z Z)‘f myms Eq(d)c(ml,nl)cl(mz,nz)
) ’ d? minimony
x"<min1<y" dim?
x5 <mony<y* dlm%

by multiplicativity for A ;.
Now d can be written uniquely ag = dldg with d; square-free. Then we have
d | m?if and only if did> | m. Therefore, we can write

mi= dldzm/l,
mo = d]_dzm/z,
and then

or = Y ag((dumymy))

x"<drdom’n1 <y"
x¥ <dydomina < y*

&4 (drdz)c(drdom’y, ny)c’ (drdom’y, np)

(d1d2)?m’myninz
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Now write mo = dymjm’, no = dldgnlng. By the induction hypothesis, we see
that if c(m1,n1) # 0 andc’(mz,n2) # 0, thenng can be written agng with & | mo
andn square-full. (This is not absolutely obvious, because:, does not divide
mo, but the extra prime divisors can be pushed to the square-full part.)

Estimating rather trivially the multiplicity of representation @b, we find the
desired representation. This immediately concludes the induction. O

LeEmMMA 5. Letz > 1 be given and let the coefficientén, n) be as in Lemma 4
for r. Then there existd = A(r) > 0 such that

c(m,n _
> ) = 0 H2(0gan) ).
mn
x'<mn<y"
n>z

Proof. By Deligne’s bound, we have

c(m,n) t(m) c(m,n)
IIEVIGECUEED SUL D S ]
r r mn T<m<y” m r,—1 ro—1 n
x"<mn<y X XY X'mTr<n<y"'m

n>z n>z

but using the condition on the supportddin, n), the inner sum is

c(m,n) 1 t(n)Y
y etlowyl v

ml<ng<y m1 dim — n square-full
n>z dn>z

&L t(m)’ ;72 (logz)4

(by (26)), and the result follows. O

LEmMMA 6. There exist a real numbe¥ such thatx"z=1 < M < y"z and real
numbersc(m) such that

2
+0(qz Y2(logqz)®)

Y wrx, ¥ < (logg)® Y

fesa(g)* fesa(g)*

2 c(m)
D hrm?)—

m~M

and
le(m)| < T(m)€ (loggm)©

for someC > 0.

Proof. By Lemmas 4 and 5,

w0 =Y T o (m?) <)

mn
<z %" <mn<y”

+0(qz Y2(loggz)?).
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Write &, = Sig( Y _n<,r A £ (m)c(m,n)/mn) and split the summation over
dyadic intervals inn. By Cauchy’s inequality and summing ovgrthe result follows
for someM with

c(m) = Z &n c(n;, n) < T(m)c(logqm)c

x'm~l<ngz
for someC > 0, as desired. O

This now easily implies Lemma 3: take= ¢?; then the assumption” > g1
implies thatM > ¢°, and we may appeal to the mean value estimate of Corollary 1
to bound the first term with lof <« logg.

ProprosITION 2. Let(ay) be complex numbers satisfying conditions (22) and (23),
and letx = ¢* for somex > 0. There exists an absolute constant y (x,§) > 0
(6 being the exponent in (22)) such that

Ah[wf(x, y)otf] <q77

and
dimJo(g) _
A[af] = —Oth[a)f(x)ozf]—i—O(ql V).
(2
Proof. Let r > 1 be any integer. By Hélder’s inequality, we have (witlthe
complementary exponent to 22r)~1 +5s~1 = 1)

Ah[wf(x,y)af]z Zhwf(x,y)afz Z wfwr(x, y)af

feSa@)* feSa@)*
1/s
2r11/2r s
< Aloy 0] ( > (orlerl) )
feSa@)*

< Al/er[a)f(x,y)zr]l/erhUafl]l/s

where we denote

A= Max wrlar|.
feSaq)* I

Now taker large enough so that” > ¢1. Then Lemma 3 gives
»11/2r
Aoy, )? 7 < (logg)?
for someD = D(x) > 0, while we have, from (23) and (22), respectively,
AY? « g7 for someyo = yo(k, §) > 0,

A"[lef|] < (logg)€  for some absolute constat> 0.
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Hence we prove the proposition, the last equality being an immediate corollary of
the formula
_dimJo(q)

Alas]= 2 AML(Syn? £, 1)as]+ O((logq)>A"[layl])

and the decomposition
L(SYn? f,1) =y (x) + w7 (x, )+ 0(q%y )
applied withy = ¢3. O
4. Upper bound for the analytic rank of Jo(g). In this section, we prove Theo-

rem 1 via the equivalent form of Theorem 2.

4.1. Reduction to the density theorerhe explicit formulae, discovered in essence
by Riemann and later extended and formalized by Weil, were used by Mestre in study-
ing abelian varieties. We use the following variant (compare to [Br1], [PeP], [K]).

ProrosiTION 3. Lety : R — R be aC® even function with compact support
and lety, ¥ (s) = [g ¥ (x)e**dx be its Laplace transform, which is an entire function.
Then for any primitive forny € S>(¢)*, we have

X 1\ o brm
;w (p— 5) = ¥(0)logg zg—ﬁ A(n) ¥ (logn)

1 r’ 1 A 1
— 2= ) - _z
+ i < T <S+ 2) 0927t> ) <s 2) ds,
1/2

the summation on the left-hand side being extended over all pewb4. (£, s) in the
critical strip (those with0 < Re(s) < 1) counted with multiplicity. The coefficients
by (n) are defined in (10).

(29)

In this chapterp always designates such a nontrivial zerd.¢f, s), and we always
write

p=pB+iy

so thaty = Im(p), 8 = Re(p). For anya with 0 < o < 1 and any real numbers
1 < t2, we defineN(f; a, t1,12) to be the number of zergs = g +iy of L(f,s),
counted with multiplicity, such that

B2 a, n<y <,
and for anyr > 0, we let

N(fia,t) = N(fra, —1,1), N(f,0) =N(f:0,0).
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The standard theory df-functions gives the asymptotic formula

N(f, 1) ~ zi (Iog ;—t> +0 (loggr).
JT e

In particular, we are led to expect that the number of zeros (with multiplicity) of
L(f,s) within distance~ (logg)~! of 1/2 should be absolutely bounded, at least
on average ovelf. Hence, if we (over) count all those zeros, not oply= 1/2,
Theorem 2 should still remain valid.

We fix a test function, which is assumed to be even, nonnegative, compactly sup-
ported in[—1, 1] with v (0) = 1, and such tha (s) satisfies the positivity condition

Re(V(s)) >0 (30)

for all s € C with |Re(s)| < 1.
For i > 0, lety, (x) = ¥ (x/A) so that

U (s) = A (As).

We taker = 6logq with 6 > 0 a fixed parameter (small enough) to be determined
later. This parametex is used to effect a localization in detecting the zeros around
1/2 in the explicit formula.

The crucial assumption g is of course (30). Such test functions were constructed
by Poitou and others for the purpose of obtaining lower bounds for the discriminant
of number fields [Poi].

Remark. In [KM1], a specific test functionF, which had been constructed pre-
viously by Perelli and Pomykala [PeP], is used. However, in our situation it is not
actually necessary to use it (this was observed by Pomykala).

By integration by parts, one infers that for any integer 1,

U(s) < eRe) (31)

 ——
(1+[Im(s)])*
where the implied constant depends onlykofand on the specific choice @f).
Let g be prime and letf € S>(¢)* be a primitive form of levely. Applying the
explicit formula (29) tof with the test functiony;, we obtain

X 1\ by(n)
Zp:% (p— 5) = |09q—2;—ﬁ A(n)yn(logn)+ 0 (D).

We estimate the integral in (29) by

1 r’

+00

1 A 1 N

i Z(F (s—i—E) —|09271) ¥ (s— §> ds <<A/ (1+|u|)1ﬁ()~m)du <1
1/2) o0
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uniformly in A (we usel'’/ T'(s) « log|s| for Re(s) = 1 together with (31)).

Then we isolate the multiplicity of the zero at2. We further distinguish among
the remaining zerogp between those that are close tg23—precisely, those with
|8 —1/2| < »~1—and the others. On the right-hand side, we use the fact/that
supported on powers of primes, and we put the primes apart from the squares and
higher powers. This way we rewrite the outcome of the explicit formula:

M (0)ords—1/2 L(f,5)+ E1(f, 1) + E2(f, 1) =10gq — 281(f, 1) —2S2(f, 1)+ O (1)

(32)
with
. . 1
E1(fih) =X 1; 711// (A (p—z)),
|B—1/2|<A (33)
Eo(f,A) = A Z U 1
UZ(fv IO 2 9’
1B—1/2|>1"1
)\' .
NITAEDS 21 10g ) log p,
—~ P
(34)

S(fn=Y 3% i72)<|ogpm(|ogp").

n=2 p

Each term is treated separately. First, sificbas compact support ir-1, 1] and
|br(n)| < 2 for all n, we have

Sn< Y 9P,y v 'og’; <.

p<expir/2) p 3<na Ing<A/n

Now, in (32), we take the real part. For a zgrappearing ing1(f, »), we have
|[Rer(p—1/2)| < 1, and hence

E1(f,2) =0

by the positivity property (30) of the test functiaf. Therefore, we can drop this
term by positivity and get

2P (0)ords—1/2 L( £, 5) < logq — 251(f, 1) +Re(E2(f. 1)) + O (1).

Intuitively, this application of positivity should not affect the chances of proving
the result being sought, since the number of zeros dropped in theEsumr), on
average over, should be bounded.
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Performing the average ove¢t, we consequently have

M0 Y ordiazL(f,s) < (logg)dimJo(g)—2 Y S1(f2)

fesag)* fesag)*

(35)
+ > Re(8a(f.1)+00q).
feSag)*
LeEmmaA 7. Assume < 3/4. There exists a constadt= §(0) > 0 such that
Yo s <gt (36)

feSag)*

Proof. We write
> SiAw) = A[Su(f )]
feSa(g)*

and proceed to estimate this by the method of Section 3 (as an illustration of this
technique). We might also quote [Brl], where the trace formula is used to prove the
corresponding result.

We need to check conditions (22) and (23) to apply Proposition 2. The individual
bound (23) is easy. We have

A
Si(f =32
p

f) 3. (logp).

p

The support ofr limits the summation to primes with lgg< A, that is,p < ¢, so
Si(fm) <« ) p 2 <q"2
p<q’

On the other handy ; « (logg)qg~1 by (20), and (23) follows.
Next we estimate the harmonic averag®|S1(f, 1)|]. Since the sun$.i(f, 1) is
real, Cauchy'’s inequality implies
AM1S1(f 1] < AP[S10 022 AP Y2 <« AR S1 0P

Now we compute

Ap(P)hs(p!
Si(fim?=) % (log p)(log p") 1. (log p)¥1.(log p")
p.p

A 2
=3 2P G106 )2y log py?
7 p

)\‘ /
£y PP (10g p)log p') (10g p) v log p).

p#Dp’ vrr'
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Now we usex s(p)? = A (p?)+ 1, which is true for all primeg occurring in the
summation since; (log p) = 0 for logg > A, that is, forp > ¢?, and we get

2
AM[sa(f 2] = 3 109 Iy, tog (L H+ AL p?)

)4
(logp)(logp”)
+ - - =- 7
p%’ v pp’

Since evidentlypp’ # 1, we obtain from (12) that

Z (log p)

p<q’

Vs.(logp) . (logp") A1, pp').

2
< (logg)?

2 2
Z (logp) 4 (logq)

AM[Su(f %) < 4372

p<q?
since @ < 3/2.
From Proposition 2, we conclude that there exists a condtant(f) such that
dim Jo(q)
(2

with x = ¢*, k < 1/4 being a (small) parameter to be chosen below.
From the definition ofv 7 (x), we derive

A[S1(f,0)] = Ao x)S1(f. 0]+ 0(¢™?)

¢ (d? A
Ao Sifn]= Y ‘;(32)2 P 1og pygs log p)

de2<x p \/_
I
= zz(ogp) ¥2.(I0g p)A(p. d?)
d€2<x

lo
< (qifz) > z_z > (ogp)

d?<x - p<q?

and the lemma follows by taking small enough that the exponent is negative]

Thus it only remains to estimate the contributior@3, the sum over zeros not too
close to ¥2. Of course, on the generalized Riemann hypothesis, those do not exist.
Then, taking the upper bound above (35), we immediately obtain a weak form of
Brumer's result, namely,

Z Ordszl/z L(f,s) < dimJy(q)
feSa(g)*

for ¢ prime. Up to this point, the treatment is basically the same as Brumer's. But
handlingEZ, without appealing to the Riemann hypothesis is precisely the crux of the
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matter. It is possible to show that if there are zeros in the region1/2| > 171,
then they are very few in number in a very precise sense, which we now describe.

THEOREM 4. Letg be a prime number. There exists an absolute constantO
such that for any real numberg and 2 with

11 <fty,

1
hh—t1 22—,
logg

for anya > 1/2+ (logg)~1, and for anyc, 0 < ¢ < 1/4, one has

3 N(fraun) < (1 |nl+ ) 2@ Y2 dogg) (o~ ). (37)
feSa(g)*

The implied constant depends only@n
The bulk of this section is devoted to proving this result.

Remark. In this density theorem, only theaspect is taken into consideration, and
this statement is indeed trivial with respectriaandr,. However, it is important (as
the deduction of the upper bound from the density theorem shows) that the bounds
obtained be at most polynomial in the imaginary part. Thus in notation such as
(1+z])®B, the B is some absolute constant—whose value is not important—which
may vary from line to line.

Assuming Theorem 4, we can now estimate By the symmetry of the zeros, it is
enough to consider those in the first quadrant. Subdividing the r¢gidn1/2] x R*
into small squares of side™1, namely,

Rm.n) = [% —mjl} x [;l ”11}

with 1 < m < 2, 0< n, we estimate the contributioB} of those zeros:

2 1 1 ]
S Re(Eh(£0) <A Y ZN(f;E-i-;—t,%,%) sup | (hs)|

feSa(@)* m=1 n>0 sER(m,n)

A A
n+1 1—c(n/A —1 m+1 —k
LA 1+—> /Y (logg)r"te" T (1 +n)
pY ( ) 94

< q(logq)

if we choosed < ¢ andk > A+ 3. Hence, from (35), dividing out by, we deduce
Theorem 2.
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4.2. Reduction to second moment estimat€heorem 4 is the analogue of a result
of Selberg [Sel, Theorem 4] for Dirichlet characters. We borrow the general principle
from that paper (with some simplifications also found in [L]), starting with a crucial
lemma that reduces the theorem to some estimates of a mollified second moment of
values of L(f,s), f € S2(q)*.

LemMA 8 (Selberg, [Sel, Lemma 14])Let/ be a function holomorphic in the re-
gion
{s € C|Res) > a, 11 < Im(s) < 12}

satisfying

in this region, uniformly a&ke(s) — +oo. Denoting the zeros of (in the interior of
this region) byp = 8 +iy, we have

Z(tz_’l);sincz y_tl)sinh<n tﬂ_a>

Ia—1n1 22—

2 t—t
=/ sm<n !
n f2—11

+00 o—u
+/ sinh(;Tt p )(Iog|h(o+it1)|+Iog|h(a+it2)|)do
o 2—1

)log\h(a+it)|dr

(where the zeros are also summed with multiplicity).

We apply this lemma to the functionsA(M (£, s)L( f,s) —1)2, whereM(f,s) is
a suitable mollifier for which (38) holds, far equal to ¥2+ (logg)~1. This means
that M (f, s) must approximate quite closely the inverseldff, s).

LemMA 9. The inverse.(f,s) L is given by the Dirichlet series
L(f.9) = )" eg(myum)pmn)®rs(m)(mn?)~",
m,n>1
which is absolutely convergent f&e(s) > 1.
Proof. This is an immediate consequence of the Euler product expansion

L) =]T@=2r()p~ +e4(p)p™?)
p

by multiplicativity. (Every integer > 1 has a unique expression &s= mn?r with
m, n, r coprime in pairs;m andn square-free and cube-full.) O
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We also define, for every/ > 1, a continuous functiogy, by

1, if x <M,
logM/x .
x) = , ifVM<x<M, 39
gm(x) log /31 (39)
0, if x> M.

Then forM fixed and any integer & m < M, we let

(M)~ &g (n)pu(mn)?

() = -7 5 qm(mn) (40)
n>1
and we define the mollifier
Xm (S)
M(f.5)= ) hy(m). (41)
m<M ﬁ

In the context of Gl2), mollifiers were first used by Hafner [Haf].
We observe that (f,s) is a Dirichlet polynomial of length at mos¥, with
coefficients

crt) =Y eq(m)um)p(mn)®rs(m)gu (mn), (42)
mn2={
and by Deligne’s bound, they are bounded by
ler (O] <Y rim) <0 (43)

m|l

From the definition, it follows easily that fa¥f = ¢ with A > 0, we have

M(£.9)L(f.5) = 1+0 ((logq)*%*=)/2) (44)

uniformly for Re(s) = 0 — +o0.
The density theorem follows from a good estimate for the average of the second
moment of M (f,s)L(f,s), Re(s) > 1/2+ (logq) L.

PROPOSITION 4. Let M = g2 with A < 1/4, and letc be any positive real number
withc < A. Then there exists a constalt> 0 such that for ally prime large enough,

S M BHIOL B+ -1 < (L+11]) Pt P2 (45
fesa(g)*

uniformly for 8 > 1/2+ (logg)~* and: € R, the implied constant depending only on
A andc.

Assuming this proposition, the proof of Theorem 4 is completed as in [Sel] and
[K, 5.2] by an application of Lemma 8 to the functions-1M (£, s)L(f,s) —1)2.
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4.3. The harmonic second momerRroposition 4 is proved by the method of
Section 3, going through a corresponding weighted result first.

PROPOSITION 5. Let M = ¢ with A < 1/4 and letg = 1/2+ b(logq) %, where
b > 0is any constant. For aly prime large enough, we have

Zh
feSaq)*

for some absolute constaBt> 0. The implied constant depends onlyland A.

M(f, B+IOL(S, B+ < (1+12])" (46)

We write 8 = 1/2+ 8 and assume only = b(logg) . Then for simplicity, we

define
Ma@)= Y "
feSa(g)*

which we consider as a quadratic form in the coefficients= x,,(8 +it) of the
mollifier. To emphasize this viewpoint, it is convenient to simply wiijeand M ()
while performing transformations to facilitate the ultimate estimations.

Let f € S2(¢)* and = 1/2+ 8 with 0 < § < 1/2 be given. Choose an integer
N > 1 (which has to be large enougN; = 2 works already) and a real polynomial
G satisfying

2

M(f, B+it)L(f, B+it)

(47)

G(—5)=G(s), (48)
G(-N)=--=G(-=1)=0 (49)

and having no zeros for1/2 < Re(s) < 1/2.
Letr € R be a fixed real number. Define the entire functiofy, s) by

1 1
Z(f,s) =A<f,s+§—|—it>A (f,s—f—i—it),
which satisfies the functional equation
Z(f,s)=Z(f,—s).
Since the Fourier coefficients; (n) of f are real, we have

IACE B+iID[> = Z(f, B). (50)

We now consider the complex integral

1 . . ds
Is = ,—/Z(f,s)G(s—i—lt)G(s—lt)—
2im s—34
2

2s+1
i L(f,s-}—}-l—it)L(f,s-l-}—it)H(s)(\/—q) ﬁ
2 2 2

- 2im s—36
2
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(defined, as a function &f, for all § € R) with
H$) =G +it)G(s —iH)M(s+1+iHM(s+1—it).

This integral is absolutely convergent (by Stirling’s formula). From (49), zeros of
the polynomialG cancel the first poles of thE function, soH is holomorphic for
Re(s) > —N — 1. Next, normalizingG, we can assume th&# (§) = 1. The gamma
function has exponential decay in vertical strips, wiiildias polynomial growth; in
fact, by Stirling’s formula,H satisfies (uniformly in vertical strips)

H(s) < (1+]t]+] Im(s)|)Be_”“m(”', for some constanB > 0.

We can shift the contour of integration to the line(Re= —2; only a simple pole at
s = § appears while shifting, with residue

. 1 5 _
RS Z(/.$)G(s +iGls —it) — = (#) H()|L(f, B+it)|?

by (50).
On the line Rés) = —2, the integral is seen to be

1 . . ds
— / Z(f,s)G(s+I)G(s—t)— =—1_5
2imw s—348
(=2
by the change of variable— —s, using the functional equation &f(f,s) and the
symmetryG(s) = G(—s). Hence we have the formula

B .
(%) HG)|L(f, B+ = I +1_s. (51)

On the other hand, using the Hecke relation (6), one has, in the region of absolute
convergence, the identity

L(f,s+IOL(f,5—it) = ¢4(25) Y d s (mm, (m)n ™",

n>1

where

= (4)" (52)

ab=n

We may then integrate term-by-term to obtain

g \Y2Ap(n) 472p
= (g) 2w e ()
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where
1 . ds
Ws(y) = E/H(S)é’q(l-f-zs)y SSTS. (53)
2
Finally, we get
g\ 2 Ar(n) 4n2n>
(525) HOL(f.B+1D) —’; o nz(n)U< - (54)
where
1 . 2sds
U)=Ws(y)+W_s(y) = E/H(S)Q(l—i-%)y =86 Es) (55)

@

We conclude this section by listing the basic properties of the test fungtiand the
arithmetic functiory,. These should be skipped and consulted when referred to later.

LemMma 10. For § # 0, we have
U(y) = H®), (1+28)y " + H(=8)¢,(1—=28)y’ + 0 (yN (1+1:)®)  (56)
for0<y <1 and
Uy) <y (1+11)" forall j>1 (57)
for y > 1, B depending ory.

Proof. This follows easily by shifting the line of integration either to the right to
Re(s) = j or to the left to Rés) = —N —§ and then computing the residues. [

Lemma 11 For all r € R, the arithmetic functiony;, is real valued. It satisfies the
identities

mmmm = 3 (). (58)
d|(n,m)
mm) = 37 p@m (5 )n (). (59)
d|(n,m)
D o™ = (s —ie(s+it), (60)
n>1
o s L(s =201 ()¢ (s +2it)
};lnt(n) nt = () , (61)
2 s _ §(s—=2it)¢(s)¢ (s +2it)
> nm®HnT = ) , (62)

n>1
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and the estimate
In:(m)| < t(n). (63)

Proof. Everything can be checked elementarily by direct computations, but it may
as well be deduced from the fact thain) is a Hecke eigenvalue for the operator
T (n) acting on the derivative at = 1/2 of the nonholomorphic Eisenstein series
E(z,s) of level 1. O

We now come to the mollified (/). By multiplicativity of the coefficients. ¢ (n),
once more we have

A g (mamz)
IM(f)I? —Z > i Xomi ¥z
m1 - 1 2

so that, by (54), the second momeus(3) is given by

¢ (n) _(4n?
(4 2) H(8)M2(8)—Z Z Z \/Zilnmxbmlxbsz<$> A(mimo,n)

n>1 mi,mp
whereA is the Delta symbol. We recall that (by (12))
A(m,n) = 8(m,n)+O((mn)/?(logq)%q=%?)

for m, n < g, where the implied constant is absolute.
Using (40) to estimate,,, we have

X L L(L+28)m™°;
the contribution taM»(8) of the remainder term oA (m, n) is at most

Z T (M) Xpm ZU(4C]2 )

bm<M n>1

(logg)® 1 2

613/2 b b

M
<e (111D (gM)®

e (64

We now study the diagonal contribution where= m1m2, namely, the sund/’(§)

defined by the equality
1N (mama) A7%mimo
(L) Hom 6=y 3 M bsz(T)‘

b mam

Inserting (56), we have

$
( 4q2) HOM'®) = (55 ) HOM'()+0c((1+11) " (M)q~*M?) (65)
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where the sund/”(§) is given by

( q ) HE)M' (5)

4 2
ne(mim2) N
(4 2) H(5)§q(1+25)2 Z (nilmz)l*‘s Xbm1Xbmy (66)

I’I‘l Ssm2

+(L) H (=8¢, (1— ZS)Z Z 77:(711113112)(S o X

42 (mlmz
and the error term is estimated by

Z L\/nni/l)xbm

bm<M

2

1
< (1+111) P (gM)ycq~ VM2,

(1+|t|)3% Z A

b<M

4.4. Diagonalization and estimation of the second momeitst, m1 andmo can
be separated in (66) by means of the Moébius inversion formula (59), so that

( q ) HE)M' (5)

42
q_\° 1 wu(a) Ny (m1)n: (m2)
=<P> H(S)gq(1+28)252a2(1+5) ma.myp (mimp)1ts XabmyXabmy
q wu(a) n:(ma)n, (m2)
+<m> H(=8)¢y(1- 28)2 Z a2 a)ml - (mymo)—s XabmyXabmys

and we can collect the single varialile= ab, introducing the arithmetic function

w(a)
wk =2, Tz
ab=k

to derive

vs (k)
k

(4612) H@E)M' (6) = (iz) H(8)§q(1+28)2k:

n: (m)
Z mdts “km
m

Z r},(m)

2

+(#) H(—8)¢,(1— 23)2” 3®)

(67)
Following Selberg, we observe that fo0§ < 1/2, the inequalities
—¢,(1-28)>0,  H(=8) =|P(1—8+iHG(=5+it)|[> >0,

vt =[J(1-p?) =0
plk
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hold. Hence, by positivity,

k
M”<8><cq(1+26)2”‘3() Z%ka (68)
Let
r},(m)
Yk = Z s (69)

(which is supported on square-free integers M).

PROPOSITION 6. Assume’ = b(logg)~! for some (absolute) constaht> 0 and
M = g® with A < 1/4. Then fork square-freek < M, we have

; 1
k5+|t k
(k) < logq

where

sl =[T@-p).
plk
Remark. This saving of a factor log is the critical moment. It comes essentially
from cancellation due to the oscillations of the Mdbius function, or in other words,
from the prime number theorem.

Proof. We proceed as in [L]. From the definition (40), fo= 8 +it = 1/2+8+1it,
we have )
_ pk) u(m) Z w(kmn)

Xhom = 7577 X it 2 Tizsiz v kmn)

(there is nce, (n) sincen < kmn <M < q) Therefore,
(k) o pemn)?pa(m)m; (myn ™"

Jo+it p— (mn)l+28+lt

g (kmn).

Assume first that i< k < +/M (and, of coursek is square-free). We use the
following integral formula: for allk > 1,

(VM/k) (M*2-1) _ ds
gm (k) = 2ln/ o L

@

(70)

which follows from

1 sds |logy, ify>1,
o, ifo<y<1
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Hence

(VH/) (4= 1) as
logv/M 52

Koty = E/Lk(s+l+28+lt) (71)
@

with the ad hoc Dirichlet series

Li(s) = Zu(k@z( > M(m)nr(m)n_")f‘s,

>1 mn=1

which is easily computed. Indeed, the inner sum is the coefficieht‘ah the product

¢+it) Y ummmm™ =] (1-p= ) a-p~* (p" +p7"))
m>1 p
(by multiplicativity and the definition ofj,)

= ]:[ (1_p—s+it (1_p—s—it)—l)
=1] (1—p”rit ij(S+it)>

j>0

and L (s) is obtained from this Dirichlet series by taking the subseries restricted to
integers prime t& and square-free (this is the effect of inserting ¢)2 in a Dirichlet
series). This gives the very simple answer

Li(s) = &(s —it) L.

From the theorems of Hadamard and de la Vallée-Poussin,has no zeros on
the line Rés) = 1, and, more precisely, the estimate

£(5) ™t < log(2+]1m(s)l) (72)
holds with an absolute implied constant (see [Tit, Ch. 3]) uniformly for

D

Re(s) >1—- ————
&(s) log(2-+Im(s)|)

(D > 0 being another absolute constant).

Letr be small enough so that the cirglé < r is included in this zero-free region,
and let O< r < 1/2 (of course, any < 1/2 will do, the Riemann hypothesis being
numerically valid in such a range). In (71), we shift the integration to the cor@our
consisting of the vertical line Re) = 0 from —i oo to —ir, followed by the half-circle
s =re(x) for —r /2 < x < /2, and then again the line R@ = 0 fromir to ico. By
the choice of-, this is permissible; the contour shift passes through a unique simple
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pole ats = 0 (simple because of the zeroof> M*/2—1). Thus from the formula
for L;(s), we get

rs+1+28)"1t  (VM/k) (M*/2-1) ds

; 1
Kty = 61425 —1+—f 7
= : 2im - [Tk (1—p-Gt1+2m) logvM 52

The integral oveC is now estimated. Using (72), the part framto i oo is domi-
nated by

+o0 .
1 / (1425 +iu)~t (JM) (Miu/z_l)d_u< 1 1
logM I1

i (1= p=@r2sin) "k | < logg &(k)’

since clearly
[Ta-r 2 <sw ™
plk
The same holds without change for the other vertical half-line. For the semicircle,
we use the fact that < +/M so that

&

. ) (M2-1) «1

on this semicircle where Re < 0, and similarly, the product over primes dividing
k is dominated by its value at= —r, which is

[Ta-pr—) " <ew™
plk

sincer < 1/2. Hence the same bound holds again. Now we collect the results and
use the assumption théi= b(logg) 1, which implies

r(1428)" 1 « (logg)~2.

Hence fork < ~/M, we immediately obtain the desired bound

1
k kl+5 =
&(k) i K 097

This is also true in the cas¢ M < k < M: we use a similar reasoning, replac-
ing (70) by the other formula,

L[ M/, ds

2im A logvM 52’
@)

gm(kt) =

and using the same contour shift. This finishes the proof. O
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From Proposition 6 and (68), we have

M) <5 (1+28) Y 2= BE |2

k<M
;q(1+26) Z 1 (k)2vs (k) —(1+29)
(Iogq)2 £(k)?

k<M

< 1 Z (k) Vs(k)k (1+25)

logg = &(k)?

Now the last sum above is a partial sum for a Dirichlet series admitting analytic
continuation to R&) > 7/8 with a simple pole as = 1 and therefore

M(k) _
2 sae kT <logg.
k<M

To conclude the proof of Proposition 5, we look back to the error terms (64) and (65)
introduced in going from the original second momeuii(§) to M’(8) and then to
M"(8), and we see that they bring a total contribution that is

<q7" (1+1)”
for somey = y(A) > 0if M = ¢* with A < 1/4.

4.5. Harmonic average and natural average, IHaving estimated the harmonic
averageA”[|M (f, B+it)L(f, ,8-|-it)|2], we now apply Proposition 2 to study

A[M(fB+IOLCL +iDI].

The notation and assumptions are the same as at the beginning of Section 4.3: recall
thatg = 1/24 68, andM = ¢ with A < 1/4.

First we check the conditions: (22) is contained in Proposition 5, while for (23),
we have the following lemma.

LemMa 12. For all f € S2(g)*, it holds that
wf|M(f, B+IOL(f, B+i)]* < g Y4 (1+11])
for all g with 8 > 1/2, the implied constant being absolute.
Proof. Using (43), the trivial bound foM (f, 8 +it) is

M(f, B+it) < ¥VM(logq)3,

while the convexity bound foL (£, s) on the critical line gives

L(f, B+it) <o g4t (1+11) 2+
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for g > 1/2. Since, on the other hand, we have « (logg)g~1 from (20), the result
follows. [

Hence Proposition 2 with = q”, for anyx > 0, gives the equality

mJo(g) ,
T Hos@ Mg p+0L(B+1D]

+0((1+11)"¢*7)

A [\M(f, BHit)L(f, ﬁ+it)}2]

(73)

for somey = y (A, k) > 0. (The dependence iof the error term has to be checked
by looking back at the proof of the proposition.)
We let

Ma(8) = A [wf(x)}M(f, B+it)L(f, ,8+it)|2]
1 _ .
=Y > > g (@) M(f BHIOL(S B0
de?<x fesa@)*

Computing as before, we get

4 2
(4 L) HEa0) = Z Ly 3 Z;L’:anbmlmU(%)Mmlmz,n)

n>l mi,mp
where we put

A(m,n) =" AMpr(@)hp(m)rsm)] (74)
£<x

=Y D ap(d®)apmng(n)

de?<x feSa(q)*
X/ mn
= Z Z ( ) +0 <(|099)3T) (75)
d€2<x r|(d2 ) J
by (12) again. The error term yields a contribution which, by the same computation
as in (64), is at most

2(1-6)
e (@M —— (1+411)® < (1+111)2q77 (76)

Jq

for somey > 0, if « is taken small enough.
The diagonal contribution = md?r=2 is

2 2 2
xbmlxbmz o mimad A mimod
de Ul ———— ),
Z > mma > o ) )”7’( 2 ) ( 2

r
m1 mp de2<x r|(mamo,d? 4
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and we use (56) to get

§ §
(55) HOMW2) = (705) HE)e(1+28)06)
9N B8y (1 28) M (— (77)
+(m> H(=8)¢,(1— 28)M(—5)

+o((1+1:)%q77)
for somey > 0, where the sumit(s) is

1 XbmyXbmy 1 1425 mimod?
M) = Xb:E Z (m1m2)1+5 d; 42+28¢2 Z )r Mt —r2 .

mi,m2 rl(mlmz,d2
(78)

We first compute the inner sum, showing in particular that we can now again extend
the summation ovet, ¢ to all integers, and then we compute this complete series.
We define a functiom (s, r) for s € C, r > 1 an integer, by

uGs.r)= ) w@b* =[T(p" -1).
ab=r plr

and a functiorv, (s, r), supported on cube-free integershy

d2
v (s,r) = Z 247>y, (—) (79)
r
dee<x
rld?

We also denote by(s, r) the function obtained by removing the constraiit < x
in the definition ofv, (s, r).
From (59), we have for every integer andn,

Z r (7—;) = Z u(s,ryn; (?) s (;)’

r|(m,n) r|(m,n)
hence
1 Li2s (mamod®
> 212542 > 2
de?<x r|(mima,d?)

=Y (mlrmz)u(l—l—ZS,r)vx(l—l—S,r). (80)

rimimoy
We define two multiplicative function& andM by

Ny =]]p., MO =]]r

plr plr
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LemMma 13. For all cube-free integers > 1, ands with Re(s) = o > 1/2, we
have

B (logx)3z (r)
UX(S,I")—U(S,}”)-FO(W_UZ\/;). (81)
Moreover,
$(2)¢(25)¢ (25 4 2it) ¢ (25 — 2it)
v(s, 1) = ,
¢ (4s)
and for allr > 1,
2 n:(p)
vis, 1) = v, DN > ] 14;?.

plr

Proof. The point is that for a cube-free integeand anyd > 1, we haver | 42 if
and only if N(r) | d. Since

N(r)?  N(r)?

=M = ,
rEMO e = M
we can write
o d? _ o
vels,r) = Y 7%y, (7)=N(r> 2N TP (M)
de2<x de?<x/N(r)
N(r)ld

and proceed similarly without constraint fo€s, ). Now, puttingy = x /N (r),

> % g (M(r)d®) <<I(M(r))(z =Y r(dz)d—2“+2z—2)
de2>x/N(r) 2<y  d>y/t? 2>y

< t(r)(logx)3y~2,

and this gives the first formula.

To computev(s, r) (which is a kind of nonprimitive symmetric square @i, we
define

Vs, )=y m(M)d?)d >
d>1

so thatv(s, r) = ¢(2)N(r)~%v/(s, r). We denote byZ(s) the full symmetric square
given by (62), and by, its p-factor.

Every integer has a unique expressidn= didy withdy | M (r)*° and(d2, M (r)) =
1; so by multiplicativity, we get

v’(s,r)=( > n,(dz)d—z‘>< > n,(M(r)dZ)d—ZS>
@ M(r)=1

d\M(r)>

= 2@ [[2p@) <[] S m (p% ) p 2.

plr plir k=0
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Again by multiplicativity,
n(p* ) = ne(p)ne (p%) =i (p* )

for k£ > 1, so that

(L1+p72) Y 0 (P* )2 = n(p) Z2,(29),
k>0
which yields
n:(p)
V' (s,r) = Z(ZS)II)T! T

This proves the lemma, since
$(2)5(25)8 (25 +2it) 5 (25 — 2it)
¢ (4s)
from (62). O

v(s,1) = Z(2s) =

Now letwy (s, m) be the function defined fore C andm > 1 by

wy(s,r) = Zn,( )u(Zs—l r)ve(s,r), (82)

rlm

and letw(s, m) be the same with (s, r) replacingv, (s, r). Then from (80) and (78)
comes the formula

wy (148, m)
M(S 1 Xy - 83
o= Z ,EZ T (83)

LEmMA 14. Assume that = b(logg) ! for some constartt > 0. Then

w(l+68, mimy) _ _
M(8) = Z > ooyt Sm ¥z +0(a7)
ml my

for somey =y (x, A) > 0.

Proof. Sincem1 andmy are square-free, the produeim, and any divisor thereof
are always cube-free. So we use (81) to replagd + 35, r) by v(1+34,r). This first
gives

3 lo 3
W(A+8,m) = wy(14+8.m)+ 0 [ 109NN
Vx

because the error term is bounded by

m (logx)3t(r) 7(m)3(logx)®
Yoo (%) lua+2sn)| ICE G NN

rlm
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by the estimate

u@+28.n = [T(P*? - 1| <N
plr
Then inserting this inside((5) gives the result. O

4.6. End of evaluation of the second momeAfter Lemma 14, we now want to
diagonalize the quadratic forniL(§) (more precisely, its main term). This is done
by the following transformations (compare [KM3] and [K], where more complicated
expressions involving functions that are less multiplicative thacur).

We have seen thai(1+ 48, r) is the product of a constant and a multiplicative
function, and by Dirichlet convolution, it follows that(1+ 8, m) is also

w148, m) =v(1d+6, Dw(m)

with w multiplicative.
We extract the common divisor ef; andmy and remove the ensuing coprimality
condition by Md&bius inversion:

w(l+68, mimo)
Z Z (m1m2)1+3 XbmyXbmy

mi,mo
w(mimy)
= (148, 1)2 3 (mlmlz)12+5 Xy T
mi,mo
w(a? w(my)w(my)
=v(1+8,1)2—22— Z .5 XabmiXabm
(1+8 1+5 1 2
b b a a ) (m1,m2)=1 (mlmZ)
1 W(a?) —pn(d)w(d)? w(m)w(my) —
=v(1+s, DZ;Z a2(1+a)z PEED) > (mymg) i+ adbmatadbmy
b a d mi,m2
2
Vs (k) w(m)
— v(1+3, 1)2 s mem
(84)
with ) )
- u(d)yw(d)“w(a
Bk = > @)

1+26
abd=k (ad)

Remember thaii; (k) also depends on(throughn, involved inw).
LemMaA 15. There exists an absolute constant 0 such that if|§| < b(logg) 1,

then
vs(k) >0
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forall re R and allk < ¢, and
v(1+46,1)>1

forall r e R.

Proof. By multiplicativity, it is enough to consider= p prime andp < ¢g. Then
e~ < p25 < e?’. We have

1 —
vs(p) =1+ m(w(pz) —w(p)?)
and by direct computation, from Lemma 13 and the definitiow @E+ 8, m),

B(p) = mr(p) + (pH2 — 1) p=2a+s) __1(P)

1+p—2(1+5)
) P2+ | pla2s
p2+25+1
and similarly,
1+25 1425
=(12) _ 2 2 -1 p -1
w(p) =P+ rm gt
o )2p2+25+p1+2a . P21
=P T a5 1 2B
Hence
2428 | p1+25 1426 1+25
p Y T Y 2 | p2+25

For p large enough, the result is now clear uniformhsirand we leave to the reader
the choice of argument for dealing with small primes. For instance, note that for
p=2,6 =0, we obtain
6 1
—( 2\ 2
- >—4——14->-2,

w(p ) w(p) o5 +4 >

and the result is now clear by continuity. O
We can now conclude.

PROPOSITION 7. Assume that = b(logq) 1 with b > 0, a fixed constant such that
the previous lemma applies. Then fdr= ¢* with A < 1/4, we have
. L2
o M BHIOLS B+ID] < g(1+11)"
feSa(q)*

for some absolute constaBt> 0. The implied constant depends only &An
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Proof. From Lemma 15, the computation 4f(8), and the subsequent diagonal-
ization of the main term, we see that fptarge enough, we have

M(—8) = 0.

Hence, using the same trick as before, hafl —26) < 0, we get, by positivity, the
inequality

vs (k)
k

M2(8) < £(1428)M(8) < v(1+8, D (1+28) ) > %xk'ﬂ
k m

Now, in terms of the linear forms; introduced in (69), we can write

Zw(m) B Z ne(@ny(b)u(1+34, b) B Z u(1+8,b)n; (b)
Ao Ykm = (ab) T (b20+D) 1 1) Yabk = 2 1ss (b2 1 1) Ybks

m a,b b

since for square-free we haveN (n) = n. Butu(1+38, b) < b2 for b square-free,
and Proposition 6 immediately gives

S 1
T kA9 (k) logg

Then, going back to (73) to conclude, the proof is completed as for the harmonic
average. 0

Proposition 4 is an easy consequence of this estimate near the critical line. Indeed,
it first immediately provides the bound

3 M B+IOL B+~ 1 < g(1+1)” (85)
feSaq)*
for 8 =1/24b(logq) . On the other hand, for Re) = o > 1, we have
S ML)~ 1 < g2 23 (logg) (86)
feSaq)*

as a consequence of the trivial individual bound of Lemma 44.
Finally, by means of (85), (86), and the convexity principle of Phragmen-Lindelof
(for subharmonic functions), Proposition 4 follows.
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