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INTERTWINING OPERATOR ALGEBRAS AND VERTEX
TENSOR CATEGORIES FOR AFFINE LIE ALGEBRAS

Y1-ZHI HUANG anp JAMES LEPOWSKY

0. Introduction. The category of finite direct sums of standard (integrable high-
est weight) modules of a fixed positive integral lekelor an affine Lie algebrg
is particularly important from the viewpoint of conformal field theory and related
mathematics. Here we call this the categgsnerated bythe standardi-modules
of level k. A central theme is a braided tensor category structure (in the sense of
Joyal and Street [JS]) on this category, a structure explicitly discovered by Moore and
Seiberg [MS] in their important study of conformal field theories. In [MS], Moore
and Seiberg constructed this structure based on the assumption that there exists a
suitable operator product expansion for chiral vertex operators; this is essentially
equivalent to assuming the associativity of intertwining operators, in the language
of vertex operator algebra theory. Actually, Belavin, Polyakov, and Zamolodchikov
[BPZ] had already formalized the relation between the operator product expansion
and representation theory in the context of conformal field theory, especially for the
Virasoro algebra, and Knizhnik and Zamolodchikov [KZ] had established the relation
between conformal field theory and the representation theory of affine Lie algebras.

In [KL1]-[KL5], Kazhdan and Lusztig achieved a breakthrough by indeed con-
structing a natural braided tensor category structure, with the additional property of
rigidity, on a certain category gFmodules of levek, whenk is sufficiently negative,
or more generally, wheh is in a certain large subset &f excluding the positive
integers, and particularly, proving that this braided tensor category is equivalent to a
tensor category of modules for a quantum group constructed from the same finite-
dimensional Lie algebra. The method used by Kazhdan and Lusztig, especially in their
construction of the associativity isomorphisms, is algebro-geometric and is closely
related to the algebro-geometric formulation and study of conformal-field-theoretic
structures in the influential works of Tsuchiya, Ueno, and Yamada [TUY], Drinfeld
[Dr], and Beilinson, Feigin, and Mazur [BFM]. (The work [BFM] discusses the case
of minimal models for the Virasoro algebra, and Beilinson informs us that a similar
argument works for the case of the category generated by the stgjidardules.)

In the important work [F1] and [F2], Finkelberg proved that the braided tensor
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category at positive level is tensor equivalent to a certain “subquotient” of the braided
tensor category constructed by Kazhdan and Lusztig at negative level, and is thus
equivalent to a certain “subquotient” braided tensor category of quantum group rep-
resentations. (Cf. also [Va].) We have been informed by Finkelberg that the arguments
in his paper [F2] can in fact be reinterpreted to actually give a proof of the coher-
ence relations for the braided tensor category structure on the category generated
by the standar@-modules of positive integral levél, this reasoning uses Kazhdan
and Lusztig's result mentioned above, constructing a rigid braided tensor category
structure at negative level, and it also uses Deligne’s reformulation [De] of the notion
of balanced braided tensor category. (Finkelberg also informs us that his arguments
do not establish the coherence in a few cases, namely, thgse-dig, E7, Eg, for

k=1, org = Eg, for k = 2, because of the corresponding restrictions at negative
level in [KL1]-[KL5].)

In this paper, we prove the associativity of intertwining operators (the existence of
operator product expansion for chiral vertex operators) for the vertex operator algebras
associated to affine Lie algebras at positive level, and we thereby directly construct
the braided tensor category structure on the category generated by the sfgndard
modules of positive integral level, as an application of the general tensor product
theory for representations of a vertex operator algebra developed in our papers [HL1]—
[HL6] and [H1]-[H2]. We also prove more general results, and in fact the methods
in our general theory are very different from those in the works [MS], [KL1]-[KL5],
[TUY], [Dr], [BFM], [F1], and [F2] mentioned above. We hope that the present work
helps illustrate the viewpoint that vertex operator algebra theory is the appropriate
mathematical foundation for understanding the range of conformal-field-theoretic
structures, including the associativity of intertwining operators and the braided tensor
category structure.

What the present paper specifically does is to use the works of Knizhnik and
Zamolodchikov [KZ], Tsuchiya and Kanie [TK], Frenkel, Huang, and Lepowsky
[FHL], Frenkel and Zhu [FZ], Dong, Li, and Mason [DLM], Dong and Mason [DM],
Dong, Mason, and Zhu [DMZ], and Li [L1] and [L2] to verify the technical conditions
needed to apply our tensor product theory in the particular case of the conformal
field theories associated with affine Lie algebras (or Wess-Zumino-Novikov-Witten
(WZNW) models) and related models in conformal field theory; the main part of
our construction is already contained in [HL1]-[HL6] and especially [H1]-[H2]. We
would like to emphasize that the fundamental ideas in [KZ], [TK], and [FZ] play
essential roles in the present paper, as does [FHL].

Our general theory in [HL1]-[HL6] and [H1]-[H2] (in the generality of suitable
vertex operator algebras) was initially motivated by Kazhdan and Lusztig’s major
series of papers [KL1]-[KL5]. The category studied by Kazhdan and Lusztig is sig-
nificantly different from the category generated by the standambdules of level
k. It is larger; it consists of the modules of levelof finite length whose compo-
sition factors are irreducible highest weight modules corresponding to weights that
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are dominant integral in the direction gf For k in the range studied by Kazhdan

and Lusztig, there are no nonzero standg#tiodules of levek, and fork € 7,

there is no braided tensor category structure on the category considered by Kazhdan
and Lusztig (as is pointed out in their work). Correspondingly, our methods are very
different from Kazhdan and Lusztig's, with an important exception: @aénition

of the tensor product operation (for general vertex operator algebras) in our work
(see [HL1]-[HL4]) is analogous to and was inspired by that in [KL1]-[KL5]. How-
ever, our approach is based on a certain determination of the tensor product module
(see [HL1]-[HL5]). Moreover, theconstruction of the associativity isomorphisms
(see [H1]) uses a completely different method from the one in [KL1]-[KL5]; a large
amount of the information needed in the proof of the necessary coherence properties
(i.e., the pentagon and hexagon properties) is already encoded in the associativity
isomorphisms.

The associativity of intertwining operators for the vertex operator algebra associ-
ated to an affine Lie algebra at positive level proved in this paper implies that the direct
sum of all inequivalent irreducible modules for the vertex operator algebra forms an
intertwining operator algebra, in the sense of [H3], [H5], and [H6]. In fact, we are also
able to obtain what we have called a “vertex tensor category” structure (see [HL2] and
[HL®]), which is much richer than a braided tensor category structure; it is defined in
terms of certain moduli spaces of genus-zero Riemann surfaces with punctures and
local coordinates, equipped with the sewing operation (see [H4]). Vertex tensor cat-
egory structure automatically yields braided tensor category structure by the process
of ignoring the conformal-geometric information and retaining only the topological
information. We further obtain the corresponding results for certain vertex operator
algebras slightly more general than those associated with the WZNW models. As we
said above, we do this here by verifying the technical conditions needed to apply our
general theory.

It was proved in [H1] that the existence of the associativity isomorphisms is equiv-
alent to the associativity of intertwining operators, in the language of vertex operator
algebra theory. In their fundamental paper [TK], Tsuchiya and Kanie studied (in the
special casg = sl(2, ©)) correlation functions constructed from products of sev-
eral intertwining operators, and they used these correlation functions to construct
and study braid group representations. Their main tool was the classic Knizhnik-
Zamolodchikov (KZ) differential equations [KZ]. In the present paper, we use this
same method to verify a basic technical condition, namely, the convergence and ex-
tension property, a key condition needed for the application of the main associativity
theorem in [H1]. However, the definition of intertwining operator (or chiral vertex
operator) in [TK] is different from the one in [MS] or the one in [FHL]. The defini-
tion in [TK] (as in many other works) is restricted to primary fields (i.e., intertwining
operators in the sense of [FHL] associated with the lowest conformal-weight vectors
of a module), and the iterated action gbn these operators is also fundamentally
used. This restricted definition of intertwining operator is intimately related to the
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prevalent notion of correlation function based on certain Lie algebra coinvariants (as
in [KL1]—-[KL5], for example). Our notion of correlation function is based instead on
products of intertwining operators in the sense of [FHL].

The “nuclear democracy theorem” in [TK] can be reinterpreted as asserting the
equivalence of these two different notions of intertwining operator in the gase
sl(2, ©), but iterates of intertwining operators themselves, essential to the formulation
and proof of the associativity of intertwining operators, were not studied in [TK].
The proof of the results in [TK] necessary for the construction of the braid group
representations used the KZ equations as well as certain algebraic constraints based
on null-vector conditions.

The notion of intertwining operator in [FHL] (which we use in the present paper)
is the notion that is natural from the general perspective of vertex operator algebra
theory. (The starting point is the Jacobi identity for vertex operator algebras [FLM];
cf. [B].) In fact, the theory in [HL1]-[HL6] and [H1]-[HZ2], based on this notion,
automatically incorporates the corresponding algebraic constraints and the subtlety of
“nuclear democracy” at every stage, and the theory works in considerable generality.
This notion has led us to consider iterates of intertwining operators, to formulate the
associativity of intertwining operators (in terms of such iterates), and to formulate a
“compatibility condition,” which was used to construct our tensor products in [HL3]
and [HL4]. On the other hand, it was shown by Li [L1] and [L3] that the nuclear
democracy theorem generalizes to gngnd thus for any, the notions of intertwining
operator in the sense of [TK] and in the sense of [FHL] are indeed equivalent.

In [H1], the associativity of intertwining operators was proved using our theory of
tensor products of modules for a vertex operator algebra developed in [HL3]-[HL5],
when the vertex operator algebra is rational in the sense of [HL3] and satisfies cer-
tain additional technical conditions. Combined with the results of Moore and Seiberg
[MS], the result of [H1] served to construct a natural braided tensor category struc-
ture on the category of modules for such a vertex operator algebra. We also showed
in [H2] and [HL6] that when the vertex operator algebra contains a rational vertex
operator subalgebra (but may itself not be rational) and satisfies the additional techni-
cal conditions mentioned above, we still get a braided tensor category structure such
that the tensor product bifunctor is the bifunckdp 1) constructed in [HL5], and in
fact, we get a vertex tensor category structure. In [H2], it was verified that for a ver-
tex operator algebra containing a vertex operator subalgebra isomorphic to a tensor
product of minimal Virasoro vertex operator algebras, the technical conditions for the
applicability of the tensor product theory are satisfied. Thus the category of modules
for such a vertex operator algebra has a natural vertex tensor category structure and,
in particular, a natural braided tensor category structure.

In the present paper, we work in the following generality, somewhat greater than
the generality of vertex operator algebras associatedgnatid positive integral level
k: We verify that for a vertex operator algebra containing a vertex operator subalgebra
isomorphic to a tensor product of vertex operator algebras associated with WZNW
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models, the technical conditions for the applicability of our tensor product theory are
satisfied. (Recall from [FHL] the notions of tensor product and subalgebra for vertex
operator algebras; in particular, a subalgebra is required to have the same Virasoro
element as the large algebra.) We thereby complete the construction of the desired
vertex tensor category structure and, in particular, braided tensor category structure,
on the category of modules for such a vertex operator algebra. In the special case of
a vertex operator algebra associated with a WZNW model, we conclude in particular
that the category generated by the standandodules of positive integral levelis

indeed a braided tensor category. See Section 3 for the main results.

The main tool that we use in this paper to verify our conditions is the classical
system of KZ equations. Since we work in the framework of the theory of vertex
operator algebras, we include an exposition in the language of vertex operator algebras
of the fundamental theorem in [KZ] that products of intertwining operators for a vertex
operator algebra associated with an affine Lie algebra satisfy the KZ equations. Our
treatment of this result is nothing but an adaptation of the original argument in [KZ],
except that we use the language of formal variables, in the spirit of the present theory;
cf. the treatment of the KZ equations in [TK]. As in [KZ] and [TK], the theorem that
products of intertwining operators satisfy the KZ equations must be understood as an
assertion about formal series and not about functions of complex variables, since one
does not yet know at this stage that these products are convergent; in fact, the KZ
equations are used fwovethis convergence of products of intertwining operators.

We assume that the reader is familiar with the statements of the main results of
[HL1]-[HL6] and [H1]-[H2]. We use the basics of formal calculus and vertex operator
algebra theory as presented in [FHL], for example. We shall assume in this paper that
in the definition of a module for a vertex operator algebra, the grading i€ by
not Q (see [FHL, Remark 4.1.2]). Also recall that a module, by definition, has two
grading-restriction properties—finite-dimensionality of the weight spaces and lower
truncation of the grading, and in this paper, when we assert that a structure is a
module, these restrictions are often the main issue.

In Section 1, we briefly review vertex operator algebras associated with affine Lie
algebras and their representations. The results in this section are due to Frenkel and
Zhu [FZ] (see also [DL] and [L2]). In Section 2, we present our exposition that
products of intertwining operators for a vertex operator algebra associated with an
affine Lie algebra satisfy the KZ equations. In Section 3, we use the KZ equations and
results obtained in [HL1]-[HL6] and [H1]-[H2], combined with results in [DLM],
[DM], [DMZ], [FHL], and [L1], to prove our main results.

AcknowledgmentaMe are very grateful to Sasha Beilinson, Pierre Deligne, Michael
Finkelberg, and Sasha Kirillov for discussions concerning braided tensor category
structure on the category generated by the standard modules of positive integral level
for an affine Lie algebra. We would like to thank Haisheng Li for discussions on
rationality of vertex operator algebras. We would also like to thank the referees for
their questions and comments, which we have addressed in the introduction.



118 HUANG AND LEPOWSKY

1. Vertex operator algebras associated with affine Lie algebrasLet g be a Lie
algebra overC equipped with an invariant symmetric bilinear foxm-). The affine
Lie algebrag associated witl and(-, -) is the vector spacg® [, r 1@ Ck equipped
with the bracket operation defined by

[a®!", b®1"] =[a,b]@t"™ " + (a, b)m8yn,o0K,
[a®t™,k]=0,
fora,b e gandm,n € Z. Itis Z-graded in a natural way. Consider the subalgebras
g =g@rFC[r*] and g=g®C of §
and the vector space decomposition
i=0-0gdCkdg,.

Let M be ag-module, viewed as homogeneously graded of fixed-ddgee€, and
letk € C. Letg, acttrivially on M andk as the scalar multiplication operatarThen
M becomes @ ® Ck ® g, -module, and we have the-graded induced-module

My = U (8) @y gackag,) M

which contains a canonical copy of, of degred.

Now we assume thai is finite-dimensional and simple. Lgtbe a Cartan subal-
gebra,A the root system ofg, h), AL C A afixed set of positive rootg, the highest
root, 4~ the dual Coxeter number gf and(, -) : g x g — C the Cartan-Killing form,
normalized by the condition9,6) = 2, where(.,-) is transported canonically to
h* x h*. For a fixedh € bh*, let L(1) be the irreducible highest weightmodule with
highest weighti, assigned a homogeneous degre€.inVe shall use the notation
M (k, 1) to denote the gradegtmoduleL (1), (the degree of.(1) being suppressed
in the notation). Let/ (k, ) be the maximal proper graded submoduléti, A) and
L(k,\) = M(k,1)/J(k,)). ThenL(k, 1) is the unique irreducible gradg¢dmodule
such thak acts ask and the space of all elements annihilatedjlyis isomorphic to
theg-moduleL ()). Later, we shall often use the same notation to denote elements of
M (k,)) and of L(k, )).

In the special case= 0, L(0) is the 1-dimensional trivig}-module (equipped with
a homogeneous degree@) and can be identified witfL. Consequently, as a vector
space andi_-module, M (k, 0) is naturally isomorphic to the universal enveloping
algebral (§_). We define a vertex operator map

Y(,x): Mk, 0) — (EndM (k, 0)) [[x,x]]
vi—>Y(v,x) = Zvnx_n_ls

neZ
as follows: IdentifyingM (k, 0) with U (g_), we note thatM (k, 0) is spanned by the
elements of the form1(—n1)---a,,(—n,;,)1, whereay, ...,a,, € g andnq, ..., Ny €
Z4, with a(—n) denoting the representation imageao® =" for a € g andn € Z
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(we shall use similar notation for othgmmodules below). We use recursion arto
define the vertex operator map. Foe M (k, 0), we defineY (1, x) to be the identity
operator oM (k, 0), and fora € g, we define

Y(a(—l)l, x)= Za(n)x_"_l.
neZ
Assume that the map has been definedafarn1) - - - a,, (—n,,)1. Vertex operators
for elements of the formg(—ng)ai(—n1) - - -a, (—n,)1 are defined using the residue
in x1 of the Jacobi identity for vertex operator algebras (cf. (2.1) below) as follows:
Y (ao(—no)ar(—n1) -+ am(—nm)1, x)
=Res, (x1—x) Y (ao(—D1, x1)Y (a1(—n1) - --am(—nm)l,x) (1.1
—Res, (—x +x1) Y (a1(—n1) - ay (=)L, x) Y (ao(= D)1, x1).
(Here and below, binomial expressions are understood to be expanded in nonnegative

powers of the second variable.) The vacuum vectoMak, 0) is 1 = 1. In the case
thatk # —h", M (k,0) also has a Virasoro element

dimg

Y g (-1, (1.2)

i=1

1
w=_—C
2(k+h")

where{g'};—1, . dimg is an arbitrary orthonormal basis gfwith respect to the form

(-, ). With respect to the associated gradibbas weight zero; the (conformal) weight

of a homogeneous element is the negative of its degree. In [FZ], the following result
is proved (among other things).

TueoreM 1.1 If k # —h", the quadruple(M (k,0),Y, 1, w) defined above is a
vertex operator algebra; in particula® (-, x) is well defined.

Since J (k, 0) is a g-submodule ofM (k, 0), the vertex operator map faw (k, O)
induces a vertex operator map fbck, 0), which we still denoter. We continue to
denote the/ (k, 0)-cosets ofl andw in M (k,0) by 1 andw. The following result is
an immediate consequence of Theorem 1.1.

CoroLLARY 1.2 [FZ]. If k £ —h", the quadruple(L(k,0), Y, 1, w) is a (nonzero)
vertex operator algebra.

We now discuss modules for these vertex operator algebras. Fdr arfy and
A € b*, we define a vertex operator map

Y(,x): M(k,0) - (EndM (k, 1) [[x,x]]

using recursion, just as in (1.1). As in Theorem 1.1, this is well defined. The induced
map
Y(,x): L(k,0) — (EndL(k,»))[[x,x71]]

is well defined under the conditions given in the following result, also proved in [FZ];
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see also [L2].

THEOREM 1.3 For anyk € C such thatk # —A4", and anyA € h* with A dominant
integral (i.e., withdimL (1) < o0), the pair(M(k,1),Y) is a module for the vertex
operator algebraM (k,0). In the casek = 0,1,2,..., L(k,0) is a rational vertex
operator algebra and

{L(k, ) | » €p* is dominant integral such that.,0) < k}
is the set of all irreducibld. (k, 0)-modules up to equivalence.

Remark 1.4. In the present paperationality for a vertex operator algebra refers
to the definition in [HL3]: the number of inequivalent irreducible modules is finite,
every module is completely reducible, and the fusion rules (the dimensions of the
spaces of intertwining operators among triples of modules) are finite. The notion of
rationality used in [FZ] was a different one, but the rationality gk, 0) in our sense
in fact holds.

Remark 1.5.Whenk € N, the vertex operator algebrdgk,0) and their irre-
ducible modules can also be constructed explicitly using Fock spaces and tensor
products. See [B], [FLM], and [DL, Chapter 13] .

2. Products of intertwining operators and the KZ equations. Here we give
our exposition of the following: Wheh € N, products of intertwining operators for
the vertex operator algebra(k, 0) satisfy a system of differential equations with
regular singular points, called thénizhnik-Zamolodchikov (KZ) equatignehich
were first derived in [KZ]. The reason for our supplying this exposition was explained
in the introduction. The discussions and results in this section also hold for the vertex
operator algebraaf (k, 0), for anyk € C such that # —h".

In this and the next section, we need a simple general principle for vertex operators
and intertwining operators (see (2.3) below; cf. [DL, (13.24)—(13.26)]). We shall use
the basics of formal calculus as expressed in [FHL, Section 2.1], in particular, the
binomial expansion convention.

Let V be a vertex operator algebra, %, W», and W3 be V-modules, and lety
be an intertwining operator of typf vlv‘?vz) Then, from the Jacobi identity defining
% (see [FHL, (5.4.4)]), we obtain, by taking Res

X1—X2

@(Y(u,xo)w,xz) = (Resclx(;lS( )Y(u,xl))@(w,xg)

—Y(w, x2) <Re§1 x5Ls (’%) Y (. x1)> , 2.1)

foru € V andw € Wi (cf. (1.1)).
We write

Y(u,x) =Y u,x)+Y (u,x), (2.2)
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where Yt (u,x) = Y, oupx ™t and Y~ (u,x) = Y, ou,x "1 are the regular
and singular parts of (u, x), respectively. Equating the parts of both sides of (2.1),
which are constant ing, we obtain

Yu_1w, x2)

= (Res, (r1=x2) Y (w,x0)) W(w, x2)+ Y(w, x2) (Res, (v2—x1) 1Y (w, x1))
:Qm§ﬁ;%<§)rwmmo@ummywwagG@;¢5%<§>Y7mma
1 1

= (Resclx1_18 (;C—i) Y+(u,xz)> Y(w, x2) +Y(w, x2) (Re%lxl_l8 (%) Y_(u,xz))

=Y (u, x2)M(w, x2) +Y(w, x2)Y ~(u, x2)
= Y, x2) Y (w, x2)°, 2.3)

where we define the “normal ordering” ° by

uywy,, ifm<0, (2.4)
CUp Wy °© = .
T Wpltym, If m>0.

Note that this particular normal-ordering operation is not, in general, commutative;
moreover, the expansioh(w,x) =), ¢ w,x "~ involves nonintegral subscripts
n in general.

Now we takeV to be one of the vertex operator algebia&, 0), for k € N, or
M(k,0), for k € Candk # —h". Let W be anyV-module. For any € g, we denote
Y(g(=11,x), YT(g(=11,x), andY(g(—=1)1, x), acting onW, by g(x), g+ (x),
andg~ (x), respectively.

From (1.2) and (2.3) (note thgt(—1) = (g’ (—1)1)_1), we obtain

dimg
Y(w,x)= ——— gl (x)?:, 2.5
(@, x) 2(k+;f); g (x) (2.5)

1 dimg
Lin)=—— g (Hg'n—j)e, 2.6
2(k+h);§g1g J (2.6)

for n € Z, where, for anyg, g’ € g,
g(rg'(s), if r <,

/ 1 / / -
18(Ng's) =1 S(e(Mg' )+ ()g(),  ifr=s,
g'($)g), if r>s
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(cf. [DL, Proposition 13.4 and (13.35)]; in the present situation, the two normal
orderings coincide). In particular,

dimg
1 . . . )
LD =5 D [ D8 Dg' (i =D+ g (=i=Dg'() |-
(k+1") =\ e
= J< Jjz
If we W is such thag(n)w =0 forn > 0 andg € g, then
dimg dimg

Y =D Ow= Yo g=Dgw. (27
i=1 i=1

L(-Dw= < <
k+h" 4 k+h" “

Letn > 1, letWy,..., W,_1 be V-modules, and lew,, = V. We shall consider a
product of intertwining operators of the form

Y1(wy, x1) Yo (W), Xn) (2.8)

forn > 1. Herew € L(A;), wherej; € h* is dominant integral. Recall Theorem 1.3.
In the case in whiclv = L(k,0) (k € N), we assume thd#h,;, 0) < k and viewL (1;)
as the lowest conformal-weight space of tiemodule L(k, ;), and in the case
V = M(k,0) (k # —h"), we analogously také. (1;) to be the lowest conformal-
weight space of thé/-module M (k, 1;). The intertwining operatofy; is of type
(L5t inthe former case and of t_y;(g;ﬂ‘zf’k—ll)wl). in the latter case.

By the L(—1)-derivative property in the definition of intertwining operator and
(2.7),

o d .
(k+h )d_xloyl (w(l),xl) =(k+h )@Z(L(—l)w(l),xl)

dimg

= Z g )Y (g' way, xi) 2. (2.9)
i—1

For anyg e g andw(,) € L(k,A,) with p #1,

Xl —X0

[g(x), Yy (wip), xp)] = Res, x;l‘s ( ) Yp(g(x0)w(p), xp)

X —X0

= Reg,x, 0 ( >0yp > g™ twp). xp

n<0

1 x
=4%p ' (x_l> Yp(8W(p)s Xp),
14
and so
[87 ). Yy (wipy, xp) ] = (w1 _xp)_loyp 8W(p), Xp), (2.10)
[87CD). Yp(wipy. xp) ] = —(—xp +x1)_16yp(gw(p),xp), (2.11)
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where we continue to use the binomial expansion convention.
We introduce the following notation: For commuting formal variablgs .., x,,
let

(xl—xp)fl, if I <p,

:(xl_xp)_l: -1 .
(—xp—i—xl) , if p<I.

Consider the contragredieitmodule W, (see [FHL, Sections 5.2 and 5.3]), and
let wéo) € W be a lowest conformal-weight vector. By (2.9)—(2.11), and since

(g') (w1=0,
(wio): (8)" (x)u) =0 (2.12)

for anyu € V, we have (for fixed)

.. d
(k+h )d—x[<w;0),°y1(w(1),xl) ey, (w(,,),xn)1>

dimg
:Z . ()Cl—xp)_l . Z <w£o),oyl(w(1),x1)...Oyl(g’w(l),xl)... (213)
p#l i=1

Yp (& Wi, xp) + Yn (W, Xn)1>~
We define operator®;,, for 1</, p <n with [ # p, on

(LO-D®--®LOw))",

as follows:
dimg
(Qpf)(wy @ @we) = Y fFwa® - @gwn® @' W) @ @wy)).
i=1

Note that®2;, = Q,;. We extend;, naturally to an operator on the vector space

(L) ® - ® L)) {x1, ..., xn )

of formal series with arbitrary powers of the variables and with coefficients in
(L(A) ®---® L(Ay))*. In terms of these operators, (2.13) becomes the following
theorem.

THEOREM 2.1 (Knizhnik and Zamolodchikov) Let V = L(k,0), for k € N, or
V =M(,0),fork e Candk # —h". Letn > 1, let Wy, ..., W,_1 be V-modules, and
let W, = V. Let¥,,...,%, be intertwining operatorsw )y € L(;) and wéo) e Wi,
as described above (see (2.8) and (2.12)), and define

by, € (LOD® - ® L)) {x1, ... xn
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by
Py, (W) ®- - Qw) = <wEo>7 Y1(wa, x1) - '@n(W<n>,Xn)1>~
Thenforl=1,...,n,
“ 0 _
(k+h )a—xldhyl ..... v, = Z s —xp) L. Qupdw,,..v,- (2.14)
p#l

The equations (2.14) are t&Z equations They are easily seen to be consistent.
Theorem 2.1 gives the following corollary.

CoroLLARY 2.2 Letk € N; let A; € b*, for [ = 0,1, 2,3, be dominant integral
weights satisfyingi;,0) < k; let W be anL(k, 0)-module; and lety; and %, be

intertwining operators of typeg ;%)) and ( , respectively. Define

w
L(k,)»z)L(k,)»g))
Yoy, @, € (L(0)* ® L(A1) ® L(32) ® L(A3))"{x1, x2}
by
Yy, (W(o ® W) O W) @) = (wEoy Y1(wa, x1)Y2(w@), x2)w<3)>,

for wéo> € L(ro)* C L(k,20) andwy € L(A;) C L(k, A7), withl =1,2,3. Then

N Qi3 Q12
k+h")— =— , 2.15
(k+ )axl Yoy, o, ( L + xl—xz> Yoy, v, (2.15)
“ 0 Q23 Q12
k+h")— =|—4+— W, - 2.16
(k+ )8x2 Yy, ( o _xl+x2> Yy, v, (2.16)

3. The category of standard modules of a fixed level for an affine Lie algebra.
In this section, we show that for the category of modules for a vertex operator algebra
containing a subalgebra isomorphic to a tensor product of vertex operator algebras of
the formL(k, 0), with k € N, the intertwining operators among the modules have the
associativity property, the category has a natural structure of vertex tensor category,
and a number of other important results hold. For the tensor product theory for
modules for a vertex operator algebra, see [HL1]-[HL6] and [H1]-[HZ2].

We need the following notion introduced in [H1].

Definition 3.1. Let V be a vertex operator algebra. We say that products of in-
tertwining operators fo¥ satisfy theconvergence and extension propeiftjor any
intertwining operatorsy; and %, of types(W‘fg’m) and (WVZV;‘%) respectively, there
exists an integeN (depending only oy, and%y) such that the following condition
holds: For anyw(1) € W1, wez) € W2, wz) € Wa, andwg, € Wy, with w) andw
homogeneous, there exigte N, r;,s; € R, fori =1, ..., j, and analytic functions
fimonlz| <1,fori=1,..., , satisfying

Wtw) +Wtw) +s; > N, fori=1,..., ], (3.2)
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such that

(wEO)’Oyl(wﬂ)vxl)oy2(w(2>,X2)w<3)> (3.2)

x[:e"ogz", i=1,2, reC

is absolutely convergent whegy | > |z2| > 0 and can be analytically extended to the
multivalued analytic function

J
Y B (za—z2)" fi (Zl_zz) (3.3)

-1 22

when|z2] > |z1 —z2| > 0; here “log” denotes the standard branch of the log function.

Note that if the associativity of intertwining operators holds¥o¢see [H1]-[H2],
and Theorem 3.8 below), then products of intertwining operators satisfy the conver-
gence and extension property, so that this condition is necessary for the associativity
of intertwining operators; to see that the expression in (3.8) has the form (3.3), use
the L(0)-conjugation formula (5.4.22) in [FHL].

We shall also use the concepts of generalized module as defined in [HL3] and of
weak module as defined in [DLM]. L&t be a vertex operator algebragéneralized
V-moduleis aC-graded vector space equipped with a vertex operator map satisfying
all the axioms for avV-module except the two grading-restriction axioms. If there
existsN € Z such that the homogeneous subspace of weigifta generalized’ -
module is 0, when the real part ofis less thanv, the generalized-module is said
to belower truncated

A weakV-moduleis a vector space equipped with a vertex operator map satisfying
all the axioms for aV-module except those axioms involving a grading. Dong, Li,
and Mason [DLM] have proved a stronger result than Theorem 1.3—that for any
k € N, a weakL (k, 0)-module is completely reducible and all the irreducible weak
L(k,0)-modules are in facL (k, 0)-modules, as listed in Theorem 1.3. In particular,

a finitely generated lower-truncated generalizg€&, 0)-module is a module (see also
[FZ] and [L2], which use instead the notion of module in [FZ]).

We also have that the tensor product vertex operator algebtga0) ® --- ®
L(ky,0), for anyks,....k, € N, is rational, by the stronger result just stated and
by arguments in [FHL, Section 4.7] and [DMZ, Section 2]; see also [L1]. Actually,
for the complete reducibility of a module for the tensor product vertex operator al-
gebra, one can alternatively argue, as in [FZ], [L2], and [DMZ], using the notion of
module in [FZ] rather than the notion of weak module. (An argument essentially the
same as this complete reducibility argument appears in the proof of condition (1) of
Theorem 3.2.)

The following result establishes the remaining conditions for the applicability of
the tensor product theory (see [HL1]-[HL6] and [H1]-[H2]) to the vertex operator
algebral (k1,0)®---® L(k;,, 0).
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THEOREM 3.2 For anym € Z, andk; € N, withi = 1,...,m, we have the
following.

(1) Every finitely generated lower-truncated generalized module for the vertex
operator algebral (k1,0)® - - - ® L(ky,, 0) is @ module.

(2) Products of intertwining operators fakt (k1,0) ® - - - ® L(k;,;, 0) have the con-
vergence and extension property.

(3) For any moduledV;, with j =1,...,2n+1, for L(k1,0)®--® L(kn, 0); any
intertwining operatorsy;, withi = 1,...,n, of types(Wgﬁ{,;l), respectively; and

anyw(l) € Wi, weziy € Wy, withi =1,...,n, andw@,+1) € Wan41,

(3.4)

<w21), Y1(we), x1) Y (wW2n), xn)w(2n+1)>
xi’:g”ogzi J1<i<n,reC

is absolutely convergent for any, ..., z, € C satisfying|z1| > --- > |z,| > 0; here

the choice ofogz; is arbitrary for eachi.

Proof. We first prove the theorem in the cagse= 1. We have already verified the
first condition in this case.

To prove that products of intertwining operators fof, 0) have the convergence
and extension property, we can assume thatWhefor / =0, ..., 4, are irreducible
sinceL(k,0) is rational. LetA; € h*, for [ =0, ..., 3, be dominant integral weights
satisfying (A;,0) < k; let W be aV-module; and lety; and ¥, be intertwining
operators of type$, (%)) and (, ;.7 4.1.))- TESPectively. Fomw(g € L(r0)* C
L(k,20) andwgy € L(A;) C L(k,;), fori =1,2,3, we have already shown in the
preceding section that (3.2) satisfies the KZ equations (2.15) and (2.16). Thus it is
absolutely convergent whém | > |z2] > 0. The KZ equations have regular singular
points. Using the theory of such equations (cf. [K]), expression (3.2), as a solution of
the KZ equations in the region given by this inequality, can be analytically extended to
a solution in the region given by the inequaljtg| > |z1 —z2| > 0, and the extension
can be expanded as a suitably truncated series in rational powers of z2, l0gz2,
and logz1 —z2). Since, by the definition of intertwining operator, the original solution
does not contain log or logzy, the extension cannot contain lggor log(z1 — z2),
and so the extension must be of the form (3.3). We tske be an integer such that
(3.1) holds for thew; andwgo) above and for the;, withi =1,..., j, appearing in
the extension (3.3). TheN depends only ofJ1 and%,. (This argument is the same
as that in [TK] and in the proof of Theorem 3.5 in [H2].)

For general eIementhO) € L(k,x0) andwy € L(k,4;), with 1 = 1,2,3, we
note that since the universal enveloping algebir@_) is in fact generated by the
g(=1) for g € g, the general elements are linear combinations of elements of the
form g1(—=1)--- g (-1 w, wherew is a lowest conformal-weight vector agd e g.

Using (2.3), (2.10), and (2.11), we easily see that

<w(0),03)1(w(1),x1)0y2(w(2),xz)w(3)> (35)
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can be written as a linear combination of expressions of the same form bubgy)ith
L(xo)*, wg € L(Ap), for I =1,2,3, and with Laurent polynomials inq, x2, and
x1—x2 (suitably expanded) as coefficients. In particular, the product x1)¥2(-, x2)
of intertwining operators is determined by the expressions (3.5) with the four vectors
in the lowest conformal-weight spaces. Moreover, itis easy to see that for gm&gral
wqy, with I =1, 2, 3, expression (3.2) is absolutely convergent wiwgh> [z2| > 0
and can be extended to a multivalued analytic function of the form (3.3) \hes
lz1—z2| > 0; note that fom > 0, x; " is to be written as, " (1+ (x1 —x2)/x2)~". In
addition, each application @f(—1) to w1y or w(p) introduces at most one expression
(x1—x2)~1, and each application af(—1) to wEO) or wg) introduces no such poles.
We make this explicit (proving the inequality (3.1)) by using induction on the sum of
the weights ofwgo) and thew ), with/ =1,2,3.

Assume that the convergence and extension property holds when

Wtwéo) +wtw) +Wtwe) +Wtwg) <gq.

Any homogeneous element d@f(k, 1) is either a lowest weight vector or a linear
combination of elements of the forg(—1)w, wherew has lower weight. Thus,
when

wt wzo) +wtw) +Wtwe) +Wtwg) =¢q,

at least one of the eIementsEO),w(l),w(z), and wg) is a linear combination of
elements of the forng(—1)w. We prove only the case) = g(—1w) for some
w1y € L(k, 1), the other cases being similar.

By (2.3),

Y1(g(=Dwy, x1) = g (xD)¥Y1 (W1, x1) 2,
and so by (2.10),

(wioy: 1 (way.x1)V2(wey. 22 wis)

=- Z Xf<g(P +Dwig), Y1 (1), x1)Y2(w(2), xz)w(3)>
peN

+ xl_p_l<w20)v Y1 (@), x1)¥2(we), XZ)g(p)w<3)> (3.6)
peN

+ (v1=x2) Hwo) Va(0w), x1) V(g0 x2) w3

Note that the sums are finite. Since the sum of the weights of the module elements in
each term of the right-hand side of (3.6) is less thaby the induction assumption

we obtain the desired conclusion for elements the sum of whose weightd lss
proves that products of intertwining operators fdi, 0) have the convergence and
extension property.
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Using the KZ equations (2.14), the same method as for products of two intertwining
operators shows that (3.4) is absolutely convergent whegn- --- > |z, | > 0.

We now prove the general case & 1). Letm > 1 andk; e N, fori =1,...,m.
Let W be a lower-truncated generalized module fdik1,0) ® --- ® L(k;;, 0). We
shall actually prove thaW is a direct sum of irreducible modules, using arguments
of [FHL] and [DMZ]. Any elementw € W generates a weak (k;, 0)-module, for
i =1,...,m. Recall that for anyi = 1,...,m, any weakL(k;,0)-module is com-
pletely reducible, and the irreducible weakk; , 0)-modules are in fact thé (k;, 0)-
modules listed in Theorem 1.3. Thus the wdalk;, 0)-module generated by is
a finite direct sum of irreduciblé.(k;, 0)-modules. So the tensor product of these
L(k;, 0)-modules, fori = 1,...,m, as anL(k1,0) ® --- ® L(k,,,0)-module, is a fi-
nite direct sum of tensor products of irreducililék;, 0)-modules, fori = 1,..., m.
By [FHL, Proposition 4.7.2], these tensor products of irreducible modules are irre-
ducible modules foi.(k1,0) ® --- ® L(k,;,0), and so we have a finite direct sum
of irreducible L(k1,0) ® - -- ® L(k;;, 0)-modules, which canonically maps onto the
generalized.(k1,0) ® - - - ® L (k,,,, 0)-module generated by. This in turn is a finite
direct sum of modules, and 36 is completely reducible. I¥ is finitely generated,
it must be a module foE (k1,0) ® ---® L(k,,, 0). (This argument also works using
the notion of module in [FZ] in place of the notion of weak module; cf. [DMZ,
Proposition 2.7].)

Recall that for a vertex operator algebVa and V-modules W1, W, and W3,
the fusion ruIeN%’W2 is the dimension of spac%”wi% of all intertwining op-

erators of type(Wvlvgvz) (see [FHL]). By [DMZ, Proposition 2.10] (see also [L1]),
we have the following: Letn > 0, k; € N, V = L(k1,0) ® --- ® L(k,,,0), and
Wi = LUk, ) ® -+ ® Lk, 2, for 1 = 1,2,3, irreducibleV-modules (recall
[FHL, Theorem 4.7.4]), and le¥ be an intertwining operator of ty, ‘ivaz) For
L(ki n>)

convenience, we shall write the fusion rul&s ", oo fori=1..m,
L (ki h )L (ki 2™
3
3 . i @) LGk, 1)
as N7,. Then there exist intertwining operatofs™ of type (L(k[,kfl))L(k[,Afz)) ,

l; =1,...,N§’;2i,fori=1,...,m,such that

31 3m
Nz N

@):Z"'Z@Yl)®"'®oyr(rlzm)v (3.7)
I1=1 [,=1

where both the left- and right-hand sides are understood as linear map®ir@riv,
to Wa{x}.

This result reduces the convergence and extension property for products of in-
tertwining operators for the vertex operator algebs&;,0) ® - -- ® L(k;, 0) to the
corresponding properties that we have proved above (as in the proof of Theorem 3.5
in [H2]). Similarly, the third conclusion of the theorem follows immediately from
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(3.7) and the case = 1 proved above. O

Remark 3.3. The proof of the convergence and extension property for products of
two intertwining operators and the proof of the convergence of products of an arbitrary
number of intertwining operators are basically the same as in [TK]. But Tsuchiya and
Kanie analytically extended these convergent products of an arbitrary number of
intertwining operators to the whole configuration space and had to show that there
are no logarithms of the variables occurring in the extensions, in order to construct
the braid group representations. In our (more general) theory, we need only prove the
extension property of products of two intertwining operators, and also, this extension
property requires only that products can be extended to the rggion |z1 —z2| > 0.

The extension property for products of an arbitrary number of intertwining operators
to the whole configuration space then follows from the convergence of the same
number of intertwining operators, the associativity of intertwining operators (proved

using the extension property for products of two intertwining operators) and skew-
symmetry, and other properties of intertwining operators.

We now define the following class of vertex operator algebras.

Definition 3.4. Letm € Z andk; € N. A vertex operator algebr¥ is said to be
in the class¥y, ..., if V has a vertex operator subalgebra (with the same Virasoro
element ag/) isomorphic toL (k1,0) ® - - - ® L (ky,, 0).

For vertex operator algebras in this class, by [H2, Theorem 3.2] and Theorem 3.2
above, the condition for the applicability of the tensor product theory remaining to
be verified is the following.

ProrosiTION 3.5 LetV be a vertex operator algebra in the clagg,, . x,. Then
every finitely generated lower-truncated generali¥ednodule is av-module.

Proof. The spacé is a module for the (rational) vertex operator algebfk, 0) ®
---® L(k;;, 0) and so is a finite direct sum of tensor products of irreducilile, 0)-
modules by [FHL, Theorem 4.7.4]. Since irreducildlé;, 0)-modules are spanned
by elements of the forrg1(—1) - -- g,»(—1)v, wherev is a lowest conformal-weight
vector andg; € g, V is spanned by tensor products of elements of this form, where
the needed lowest conformal-weight vectors range through a finite-dimensional sub-
space ofV. Let W be a lower-truncated generaliz&€dmodule generated by a single
elementw. ThenW is also a lower-truncated generalizé¢k;,0) ® - - - ® L(ky,, 0)-
module, and thé.(k1,0) ® - - - ® L (k;,, 0)-submodule generated by is a module by
Theorem 3.2. By a lemma of Dong and Mason [DM] and Li [LW],is spanned by
elements of the formy,,w, whereu € V andn € Z. Thus from (2.3) for the vertex
operator map associated witi, we easily see tha¥ is a module. (Cf. the proof of
Proposition 3.7 in [H2].) O

Let V be a vertex operator algebra in the cl&gs . «,,. For the conformal equiv-
alence classP(z) of spheres with negatively oriented punctuke and positively
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oriented punctures and 0 and with the trivial local coordinates vanishing at these
punctures, recall the bifunctarp, and the tensor product bifunctédpy con-
structed in [HL5]. By Theorem 3.2, Proposition 3.5, and [H2, Theorems 3.1, 3.2, and
Corollary 3.3], which in turn are proved using results in [HL1]-[HL6] and [H1], we
obtain the following results.

ProposiTiON 3.6, For any V-modulesW; and W», W1tlp;, W> is a module, and
the P(z)-product (W1 Xp ;) Wa, Yp(;); Kp(z)) is @ P(z)-tensor product ofw; and
Wo.

THEOREM 3.7. For any V-modulesWy, W2, and W3 and any complex numbers
z1 and z2 satisfying|z1| > |z2| > |z1 — z2| > O, there exists a unique isomorphism
P(z1—22), P
ﬂpgi)’?gzz)(zﬂ from Wi p(;,) (W2Rp(zp) Wa) 1o (W1Rp gy —zp) W2) Mp(o,) W3 such
that for anyw1y € W1, wee) € W, andw g, € Wa,

—P(1-22),P(z2)
Apien ren (w0 Bren (0@ B v@)) = (00 K- w@) Beeo W),

where

—P(21—22),P(z2)
Apiyy by Willp(y) (Wollp(y) Wa) = (Willp(y 2, Wo) Kp (o Wa

P(z1—22),P(z2)
P(z1),P(z2)

THEOREM 3.8 (Associativity for intertwining operators)(1) For any V-modules
Wo, W1, Wa, W3, and W4, any intertwining operator®/1 and¥; of types(WleSVA) and

(W‘;V;,‘Vs), respectively, and any choice lofyz; andlogzy,

is the canonical extension of

(w0 ¥1(wew. x1) V2w x2)wia)
xf:e”logzl, xgzenlogzz’ neC
is absolutely convergent whesny| > |z2| > 0, for wig € Wg, way € W1, w2y € Wa,
andw ), € W3. For any moduledVg, W1, W, W3, andWs, any intertwining operators
|7 W ; ;
I6y3 (and 6y4) of types(,,) and (W58V3)’ respectively, and any choice lafgz, and
009(z1—22),

(wlo) Ya(Va(way. xo)wezy. x2) wea)

xg —eh Iog(zl—zz), xg —eh Iogzg’ neC

is absolutely convergent whéfp| > |z1—z2| > 0, for wéo) € Wy, wy € Wi, weg) €
Wa, andwz) € Wa.

(2) For any V-modulesWg, Wy, W», W3, and W4 and any intertwining operators
%Y; and %, of types(WVlV‘g,4) and (WVZV§V3), respectively, there exist a moduligs and

intertwining operatorsyz and%, of types(y,, ) and (;,'%, ), respectively, such that



VERTEX TENSOR CATEGORIES 131

for any z1,z2 € C satisfying|z1| > |z2] > |z1 — z2| > 0 and any fixed choices of
logzi, logzo, andlog(z1 —z2),

(wior O3’1(w<1)7961)03’2(w<2>7xz)w<3>>

xiz —e Iogzly xg —eh Iogzz, neC

. (3.8

xg —e Iog(zlfzz)’ xé’ —e" Iogzz’ neC

= <w£o), %(%(w(l), X0)W(2), xz) w(3)>

for anywzo) € Wé, wyy € W1, wee) € Wo, and w3) € Wa.

(3) For any modulesWp, W1, W», W3, and W5 and any intertwining operators
Y3 and Y4 of types(Wlé"Vz) and (ngv3), resvf/)ectlvely, tgere exist a moduife, and
intertwining operator@l gndoyz of types(W13V4) and (WZ;‘VS), respecjuvely, suF:h that
for any z1,z2 € C satisfying|z1| > |z2| > |z1 — z2| > 0 and any fixed choices of
logzi, logzo, andlog(z1 —z2), (3.8) holds for anyugo) € Wy, wy € Wi, we) € W,
andwz) € Wa.

THeoREM 3.9 (Commutativity for intertwining operatorsfor any V-modules¥y,
W1, W2, W3, and W4 and any intertwining operator®, and%, of types(W‘i‘%) and

(WVZV;}VS), respectively, there exist a modulg and intertwining operator&/z and ¥,

of types(y,.) and (. ), respectively, such that for any(, € Wy, wa) € Wi,
w) € W2, andws) € W3, the multivalued analytic function

(wloy W1 (way. x1) V2w, 22 wis)
X1=Z71, X2=22

of z1 andzz in the region|z1| > |z2] > 0 and the multivalued analytic function

(wloy- ¥s(weay. x2)Va(way. x1)wis)

X1=21, X2=22

of z1 andzz in the region|z2| > |z1] > O are analytic extensions of each other.

In [H3], the notion of intertwining operator algebra was introduced (see also [H5]
and [H6]). By [H3, Theorem 3.5], we obtain the following.

Tueorem 3.10 Assume thaV is rational. Letst = {a;}" ; be the set of all equiv-
alence classes of irreducib®-modules, and leW%, ..., W be representatives of

ai,...,an, respectively. Lew =[], W%, and Iet°VZfaj, fora;,aj,ax € s, be the

space of intertwining operators of ty[fg,xf.’ ;‘,;u ;). Then(W, s, {Vga.}, 1, @) (where
1 and w are the vacuum and Virasoro element Wj is an intertwining operator
algebra.

Recall the sphere partial oper&d= {K (j)};cn, the vertex partial operad§® =
{IEC(j)}jEN of central charge € C constructed in [H4], and the definition of vertex
tensor category in [HL2] and [HL6]. For anye C and j € N, K¢(j) is a trivial
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holomorphic line bundle ovek (j), and we have a canonical holomorphic section

¥ ;. Given a vertex tensor category, we have, among other things, a tensor product
bifunctor ; for eachQ € K¢(2). In particular,y»(P(z)) € K°(2), and thus there is

a tensor product bifunctdy,p,)).

TureoreM 3.11 Letc be the central charge df . Then the category df-modules
has a natural structure of vertex tensor category of central chargéch that for each
z € €, the tensor product bifunctd®,,p (), associated withy>(P(z)) € K¢(2)is
equal toXp ;) constructed ifHL5].

Combining Theorem 3.11 with [HL2, Theorem 4.4] (see [HL6] for the proof), we
obtain the following corollary.

CoroLLARY 3.12 LetV be a vertex operator algebra in the cla%s, . Then
the category ofV-modules has a natural structure of braided tensor category such
that the tensor product bifunctor &py). In particular, the category of(k1,0)
®---® L(k;,, 0)-modules has a natural structure of braided tensor category.

The special cas€ = L (k, 0) states (recall the terminology defined at the beginning
of the introduction) the following theorem.

TaeoreM 3.13 For k € N, the category generated by the standgrchodules of
levelk has a natural structure of braided tensor category such that the tensor product
bifunctor isXp 1.
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